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Introduction

N
anoelectronics emerging technologies hold the promise to replace or complement

CMOS transistors as building block for computing. However, a crucial setback for applications

using nanodevices is that the latter are particularly sensitive to noise and thus exhibit stochastic

behaviors. A disruptive solution is to take inspiration from the brain in order to use these

stochastic devices. Indeed the brain operates in a noisy environment and is able to perform

computing at low power even though its components are stochastic.

In this thesis we introduce techniques that allow to harness randomness and explain why

a specific stochastic nanodevice – the superparamagnetic tunnel junction – is a promising

building block for bio-inspired computing. We present the physics of this device and then

propose two main paths to perform low-power computing with it. The first path is to use it as

an oscillator for synchronization-based computing schemes. Therefore we investigate how to

use noise to control the low-power synchronization of a superparamagnetic tunnel junction, as

well as the synchronization of several coupled junctions. The second path is to draw in analogy

between the superparamagnetic tunnel junction and a sensory neuron. Taking inspiration

from neuroscience, we demonstrate that populations of junctions can perform learning and

computing.



2 INTRODUCTION

With the rise of nanoelectronics, many novel technologies have emerged, holding the promise to
replace or complement the traditional computing building block – the CMOS transistor [1, 2].

These emerging technologies range from alternative transistors – such as carbon nanotubes – to devices
exhibiting more complex functionalities – such as memristor which are nanoscale non-volatile multilevel
memories. Nanoeletronic devices have been greeted by a strong interest from the scientific communities
and huge efforts are beingmade to develop them for computing applications, from academic to industrial
levels.

However, at the nanoscale, noise significantly affects the behavior of systems, inducing random fluctua-
tions. Various types of noise are involved: thermal noise, shot noise, excess noise due to boundaries effects,
etc. Furthermore, the fabrication processes of nanodevices lead to device-to-device variability, which in-
creases as the size of the device is decreased. The fact that emerging technologies are subject to such errors
and variability levels is a major setback for their use in conventional computing applications. Although
methods aiming at reducing the impact of these errors exist, most of them are energetically hungry: error
corrections codes, redundancy of the components, higher programming voltages. . . For example, mag-
netic random access memories are nanoscale non-volatile memories which are expected to replace current
technologies in computers processors [3, 4]. However, the write operation of magnetic random access
memories is stochastic because of the thermal noise. For the write operation to be successful, one has
to apply long programming voltage pulses, which consumes a lot of energy. It is thus natural to look
for computing techniques which are intrinsically tolerant to noise, variability and errors, or even better,
which take advantage of these.

Among the possible solutions, one paradigm has emerged as particularly promising and disruptive: taking
inspiration frombiology. Indeed, our brain is able to perform computations even though its environment
is highly noisy and even though its components themselves – the neurons and the synapses – exhibit
stochastic behavior [5]. First, the stimuli received by the brain from the world are noisy: for example the
photons arrive on a photodetector in the eye with Poisson statistics. Furthermore, the randommotion
of charge carriers inside brain cells and the stochastic opening of ion channels around these cells lead to
probabilistic behaviors. The neurons communicate by emitting voltage spikes to each other but the time
intervals between these spikes seem random. The synapses interconnect the neurons but their probability
of failing to transmit a signal can be higher than 90% [6, 7]. On top of these probabilistic effects, the
brain has to deal with high variability between components and cell death. Despite all these obstacles,
our brain functions successfully and only consumes about 20W. Some neuroscience studies even suggest
that this low power consumption is due to the fact that the brain has evolved to benefit from noise [8].
In consequence, taking inspiration from the brain and adapt to nanodevices the methods it uses to tackle
randomness is a promising path.

Bio-inspired computing with stochastic nanodevices should prove to be particularly successful for cog-
nitive tasks, i.e. tasks at which the brain excels: recognizing patterns, classifying, taking decision, making
sense of noisy and incomplete date,merging different sources of information. . . Such tasks have long been
inaccessible to computers. Nowadays, bio-inspired algorithms to perform these tasks have led to tremen-
dous success [9]. However, conventional computer hardware is ill adapted to such tasks, and the software
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implementations of the latter are thus energetically hungry. Mixing conventional electronic components
with emerging technologies could allow performing such tasks at much lower energy cost.

The focus of this thesis is a specific nanodevice, the magnetic tunnel junction. Because of its en-
durance, reliability and CMOS compatibility, this bistable system has emerged as the flagship

device of spintronics [10]. In particular, it is traditionally used as the unit cell of magnetic random access
memories [3]. However, maintaining the stability of this device while reducing its size is a challenge. Un-
stable magnetic tunnel junctions behave as stochastic oscillators and are called superparamagnetic tunnel
junctions [11, 12]. These devices are usually discarded because of their random dynamics. Yet, they have
key advantages. First, their stochastic oscillations are fully powered by thermal noise and thus do not
require any external energy input. Furthermore, as their stability is not at stake any longer, they can be
shrunk to extreme dimensions. In this thesis, it is investigated for the first time how to harness the random
behavior of stochastic magnetic tunnel junctions and shown that – far from being useless – they could
enable low power bio-inspired computing. An interdisciplinary approach is taken, bymerging ideas from
neuroscience and computing with the physics of our devices. Computational primitives are experimen-
tally demonstrated on single devices. Based on these experiments, a theoretical model is developed and
used to show how systems composed of many devices can perform computations.

The first Chapter of this thesis – “Computing with noise and stochastic components”, starts by a review
of the scientific phenomena andmethod which harness randomness. Most of these techniques have been
known for long, but have never delivered their promises of leveraging noise for computing. Finding an
appropriate stochastic system could finally unlock the potential of these methods. In consequence, vari-
ous technologies, which intrinsic stochastic behaviors have been proposed for computing, are reviewed.
The Chapter ends by a focus on spintronics which is a particularly promising field for novel computing
applications. The various spintronic devices and the phenomena at play in them are described in de-
tails. In conclusion, it is explained why the superparamagnetic tunnel junction has important advantages
compared to other stochastic devices.

The secondChapter of this thesis – “The superparamagnetic tunnel junction: a noise-powered stochastic
oscillator” – presents the physics of the device. In this study, I use experiments to confirm the existing
theory as well as to complete it. These experiments are used to develop a model of the superparamagnetic
tunnel junction, which use in numerical simulations is shown.

The thirdChapter – “Noise-induced synchronization of a superparamagnetic tunnel junction to an exter-
nal drive” – presents the first experimental demonstration of this phenomenon. It allows achieving syn-
chronization at low energy cost. Furthermore, a comprehensive theoretical analysis of the phenomenon,
using both numerical simulations and an analytical model, is provided. These results are useful for the
hardware implementation of computing schemes based on the synchronization of oscillators. In conse-
quence, the fourth Chapter – “Synchronization of coupled stochastic oscillators” – investigates how to
synchronize coupled stochastic oscillators. For doing so, the theoretical model presented and verified in
the third Chapter is used.

The fifth Chapter – “Superparamagnetic tunnel junctions as sensing neurons” – starts by drawing an
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analogy between superparamagnetic tunnel junctions and sensory neurons. Numerical simulations are
performed to show that population of superparamagnetic tunnel junctions can represent probability
distributions, and how several connected populations can achieve computing tasks such as learning and
sensory fusion. One promising application is targeted: intelligent sensory processing.



Chapter 1

Computing with noise and stochastic
components

I
n this Chapter, we look for a stochastic nanodevice which could be the building block

for bio-inspired computing. We start by reviewing scientific phenomena and method which

harness randomness. Most of these techniques have been known for long, but have never

delivered their promises of leveraging noise for computing. We articulate how finding an ap-

propriate stochastic system will finally unlock the potential of these methods. In consequence,

we then review various technologies which intrinsic stochastic behaviors have been proposed

for computing. We focus on spintronics which is a particularly promising field for novel com-

puting applications. We detail the various spintronic devices and the phenomena at play in

them. We explain why a stochastic spintronic device, the superparamagnetic tunnel junction,

is an appropriate building block to implement bio-inspired computing schemes which take

advantage of noise.
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This Chapter presents the scientific context and motivations of this thesis. Furthermore, it pro-
vides an introduction to the concepts, devices and phenomena that will be used in this work.

Section 1.1 explains why harnessing randomness instead of fighting against it is an attractive strategy for
low-power applications. It presents various ways in which randomness can be used and how they are
relevant to novel computing.
Section 1.2 introduces different systems in which randomness can be harnessed to perform computations.
It focuses on nanotechnology and specifically spintronics, which is the object of this thesis.
State of the art and explanations which are linked to specific aspects of this work are presented in the
corresponding chapters.

1.1 Harnessing randomness

The reliability of components has been pinned as an important issue since the early days of computing
machines. In his 1956 lecture, von Neumann expressed concern about computation errors due to the
intrinsic physics of components [13, 14]. As vacuum tubes were replaced by transistors, components
became highly reliable. Transistors could be shrunk down and assembled in always larger circuits at a
steady pace, following the prediction of Moore. But since the late 1990’s, scientists have predicted and
feared the "End of Moore’s law" [15–18]. The International Technology Roadmap for Semiconductors
2015 report confirms the end of transistor scaling [19]. Not only transistors are increasingly difficult and
costly to manufacture as they reach nanometric dimensions but their reliability decreases as well [20].
In particular, components become significantly sensitive to noise and device variation, and lose their
perfectly deterministic behavior. Facing these issues, several approaches are possible. The most obvious
approach is to fight unreliability. This means programming voltages cannot be scaled down anymore and
error correction schemes sometimes need to be used [21–23]. However, these solutions are energetically
costly. In consequence, two different paths have been proposed: trading-off reliability for low power
consumption and embracing unreliability.

1.1.1 Reliability vs. energy trade-off

As early as 2007, the InternationalTechnologyRoadmap for Semiconductors (ITRS) stated that "relaxing
the requirement of 100% correctness for devices and interconnects" would allow drastic cost reductions
[24]. A lot of effort has been put into designing computing architectures that produce reliable results
with unreliable components [25, 26]. Thesemethods are known as probabilistic computing, inexact design,
or approximate computing.
The group of Krishna Palem at Rice University showed that a small loss in reliability can lead to impor-
tant energy savings, as illustrated in Fig. 1.1 [27]. The energy per switching step of an inverter made of
transistors is represented versus the success probability of the switch. It is observed that allowing for a
few more percents of error allows a three-fold energy reduction.
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Figure 1.1: Energy required by switching step versus the probability to effectively perform the switch for
PCMOS inverters. This if for TSMC 0.25µm technology with a noise magnitude of 0.77V
RMS and 0.4V RMS. Measurement, simulation, and analytical results are shown. From [27,
28]

This approach is not limited to logic. It has been studied how approximate storage allows energy cuts as
well. Sampson et al. showed that reducing the precision of less significant memory bits stored with Phase-
change as well as Flash technologies enables to save energy and increase the lifetime of the memory cells
[29]. Locatelli et al. studied approximate storage in magnetic random access memories (MRAM) [30].
Figure 1.2 represents the energy reduction as compared to the 10−10 error rate case versus the error rate,
for the programming of a memory cell. A 10−3 error probability can still be tackled for some applications
and cuts the energy consumption down by a factor two ("approximate memory " regime). However, in
order to drastically reduce energy costs, one must reach high error rates. For instance reducing the energy
by 90% (i.e. a ten-fold energy gain) would require an error rate close to 100%. In this regime (indicated as
"stochastic synapse" in Figure 1.2), the programming is fully random. This calls for non-conventional ar-
chitectures and computing schemes that are robust to suchhigh error rates, as illustrated in Section 1.2.4.5.

It should be noted that not all computing applications are suited for approximate computing. For in-
stance one will not accept imprecision in systems dealing with bank accounts. However many important
computing applications nowadays do not require maximal precision to be useful. Image, audio and video
processing can allow various levels of imprecision, depending on the expected quality. Tasks such as recog-
nition of patterns and classification often only require the most important features of the input. The
result of a data mining search does not need to be optimal to be good enough. Applications such as
weather forecast are probabilistic by nature and cannot be expected to reach perfect precision.
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Figure 1.2: Numerical simulations of the energy reduction as compared to the 10−10 error rate case for
the programming of amagneticmemory cell versus the error rate. Three regimes can be distin-
guished: reliablememory (red), approximatememory (yellow) and stochastic synapse (green).

1.1.2 Using noise

This path is an even further break from the traditional approach. It consists in fully embracing noise and
stochasticity and using schemes where they can have a positive impact. That noise can be useful might be
counter-intuitive but observed in many fields of science. In particular, it is used in computing1. We do
not aim at providing an exhaustive review of such phenomena, but rather at presenting in details the ones
relevant to this work. First, in this Section, we focus on the use of noise in physical systems and specifically
on stochastic resonance and noise-induced synchronization. Then, in Section 1.1.3, we present stochastic
computing, a paradigm in which computations are performed with probabilities encoded by random
numbers. We show the assets of these approaches and pin what is required to fulfill their potential for
low-power computing applications.

The benefits of noise in physical systems were first made famous in the early 1980’s with the development
of a theory showing that an optimal amount of noise can amplify the response of a bistable system to
a weak signal [31–33]. This phenomenon was called stochastic resonance. One difficulty in approaching
the abundant literature concerning stochastic resonance 2 is that a wide range of phenomena have been
labeled this way. In this section we aim at:∥∥∥∥∥∥∥∥

1. Providing a synthetic and rigorous presentation of stochastic resonance and noise-induced phe-
nomena.

2. Showing how it can be applied to computing and what is needed for this to happen.

1For example in image processing the dithering technique adds noise to an image in order to reduce errors to to quantization.
In machine learning, noise can be added to avoid local minima and over-fitting. Stochastic gradient descent chooses random
data points from the learning set for an easier implementation.

2According to a Google Scholar search, over 26,000 articles contain the phrase "stochastic resonance".
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Figure 1.3: Energy potentialV (x) in function of the position of the particlex. (a)No drive is applied. (b)
The value of the drive is−A0 = −0.1. (c) the value of the drive is +A0 = +0.1. In panels
(b) and (c) the arrows represent the fact that the particle has a strong probability to jump from
the high potential well to the low potential well.

First, we introduce the canonical model of stochastic resonance. Then, we present the most significant
extensions that have been added to this model and list the wide variety of systems in which they have
been studied. We continue by explaining how stochastic resonance fits into the broader paradigm of
stochastic facilitation. We end by focusing on the specific phenomenon of noise-induced synchronization
and explaining why it is particularly relevant for bio-inspired computing.

1.1.2.1 The canonical model of stochastic resonance

The first andmost popular model of stochastic resonance corresponds to a bistable system submitted to a
periodic drive. A comprehensive and detailed mathematical derivation of the phenomenon can be found
in the reviews by Gammaitoni et al. [34] andWellens et al. [35] as well as in the numerous articles cited
within them. Here we aim at presenting the phenomenon and providing to the reader an understanding
of why it has generated so much interest.

We consider a double-well potential landscape, depicted in Figure 1.3 (a):

V (x) =
1

4
x4 − 1

2
x2. (1.1)
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The two stable states of the system correspond to the local minima, which are located at

x1/2 = ±xmin = ±1 (1.2)

and are separated by a potential barrier

∆V =
1

4
. (1.3)

A particle in this potential is submitted to noise so that its equation of motion is:

ẋ(t) = −V ′(x) + χ(t) (1.4)

whereχ(t) is awhiteGaussian randomfunctionwithmean zero,auto-correlation function 〈χ(t)χ(0)〉 =

2Dδ(t) and intensityD. In the case of thermal noiseD = kBT with kB the Boltzmann constant and
T the temperature. The particle motion is driven by noise and it can be shown that it randomly switches
symmetrically from well to well (i.e. between positions around x1 and x2) with the Kramer escape rate
[36]:

rK =
1√
2π

exp

(
−∆V

D

)
. (1.5)

The particle is now submitted to a periodic drive so that its equation becomes:

ẋ(t) = −V ′(x) +A0 cos(2πFt) + χ(t) (1.6)

whereA0 is the amplitude of the drive and F is its frequency. This is equivalent to titling back and forth
the potential:

V (x, t) = V (x) +A0 x sin(2πFt). (1.7)

The effect of the drive on the potential is depicted in Figures 1.3 (b) and (c). As a consequence, the drive
influences the motion of the particle. When it raises the potential of one well, it increases the probability
for the particle to leave this well and jump to the lower potential well (as depicted by the arrows in Figures
1.3 (b) and (c)). Here we suppose that the amplitude of the drive is too weak to trigger forced oscillations
of the particle between the wells. The intuitive reasoning would be to expect that the noise is detrimental
to a themotion of the particle following the periodic drive. However, it is observed that there is an optimal
value of noise for which the response of the particle to the drive is maximal!
Indeed for small drive amplitudes, the average position of the particle over many trials is:

〈x(t)〉 = X(D) cos(2πFt+ Φ(D)). (1.8)

WhereX is the amplitude of the periodic response of the system and is plotted in function of noise in
Figure 1.4:

X(D) =
A0

D

2rK(D)√
4rK(D)2 + 4π2F 2

, (1.9)
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Figure 1.4: Periodic responseXversus noise intensityD.Equation 1.9 is plotted for a fixeddrive frequency
F = 100 and varying drive amplitudeA0 = 1 (green),A0 = 0.5 (blue) andA0 = 0.1 (red).

andΦ is a phase-lag:

Φ(D) = arctan

(
2πF

2rK

)
. (1.10)

The expression of X(D) was obtained by neglecting the intra-well dynamics and supposing that the
particle can only take the positions x1 and x2.
As expected, the periodic responseX depends on the noise intensityD. But surprisingly, its dependency
is non-monotonous and exhibits a maximum for a positive value, as shown in Figure 1.4. The higher the
drive amplitude, the stronger the response of the system. This phenomenon has been called stochastic
resonance. Indeed the bell shape of theX versusD curve reminds of the amplitude versus frequency curve
of traditional resonance.

A useful metric to quantify the response of the system to the periodic drive is the spectral density of the
motion of the particle. It exhibits several peaks at odd-number multiples of the drive frequency F . Jung
andHanggi showed that the integrated power associated with the peak atF is p = πX(D)2 [37, 38]. In
consequence the spectral power of the peak at the drive frequency takes a maximal value for an optimal
level of noise as well.

The qualitative interpretation of the phenomenon is the following. For low noise intensities, the switches
from well to well are rare (most of the motion is intra-well). There is little or no response to the peri-
odic drive. As the noise intensity is increased, the switches are more frequent. They are facilitated by the
periodic drive, which sees its action effectively amplified. When the noise becomes too intense, random
switches dominate the motion of the particle and the influence of the drive loses its relevance. There is
thus an optimal level of noise for which the response of the system to the drive is maximal. This optimal
noise level depends on the amplitude of the driveA0 as well as its frequency F . The response is maximal
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when the Kramer’s rate induced by the noise are close to twice the frequency of the drive: the time scale of
the system (its "natural frequency") and the time scale of the drive match (as two switches are needed to
complete one full oscillation)3. Other metrics to quantify stochastic resonance can be found in literature
and some will be detailed in Chapter 3. Interestingly, while all metrics exhibit a maximum at a non-zero
noise intensity, the optimal noise intensity is not the same for every metric.

These are two important features of stochastic resonance:∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

1. Stochastic resonance is a resonance in noise intensity and not in frequency. The periodic response
decreases monotonously as the frequency of the drive increases. This will be seen withmore details
in Chapter 3.

2. Stochastic resonance amplifies the response of the bistable system to a periodic drive but it does not
correspond to synchronization. Noise can induce synchronization in bistable systems but under
stricter conditions. More details about noise-induced synchronization will be given in Section
1.1.2.5. The differences between stochastic resonance and noise-induced synchronization will be
investigated and illustrated by experiments in Chapter 3.

On top of its non-intuitive character which makes it scientifically fascinating, stochastic resonance is
promising for applications. Usually noise is detrimental to the detection of weak signals and forces the
observer to use stronger signals. But here, noise, which is often free (whether is is thermal noise from the
room temperature or various fluctuations due to a real world environment) enables the use of weaker
signals and thus allows a lower energy consumption.

1.1.2.2 Various types of stochastic resonance

As noise is ubiquitous in physical systems, the idea that it can be useful has sparked a lot of interest. The
Ph.D. thesis of MarkMcDonnell offers an original and detailed historical review of stochastic resonance
and the various phenomena deriving from it [40]. Stochastic resonance has indeed been quickly extended
from the canonical model to a more general framework. The canonical model describes stochastic reso-
nance as occurring within these three conditions:

∣∣∣∣∣∣∣∣∣∣
1. The system is bistable.

2. It is submitted to a periodic drive.

3. The amplitude of the drive is sub-threshold.

However, it has been demonstrated that these are not required to observe a noise-induced amplification
3It should be noted that the switching rate for which the response is maximal does not exactly correspond to the double of

the drive frequency [39].
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Figure 1.5: (a) Example of signal detection through stochastic resonance. A signal is plotted versus time.
Thedashed line is the detection threshold. (b)The same signalwith additionalwhiteGaussian
noise is plotted versus time.

of the response of a system to a signal (i.e. stochastic resonance).

Aperiodic stochastic resonance and non-linear systems

Collins et al. showed that stochastic resonance can occur not only for a periodic drive but for any signal.
They labeled this aperiodic stochastic resonance [41–43]. Furthermore, they showed that stochastic reso-
nance (periodic or aperiodic) can occur not only in bistable systems but also in excitable systems (such as
neurons that fire when their input crosses a threshold for instance) [42]. They extended their study to
show that stochastic resonance only needs a non-linear system and a weak input signal to occur [43].
Figure 1.5 illustrates stochastic resonance in the case of a single threshold system. Here the system detects
any signal which amplitude is above a given threshold. Panel (a): a sinusoidal signal (solid line) has to be
detected but its amplitude is below the detection threshold (dashed line). Panel (b): noise is added to the
signal and enables it to pass the threshold, triggering detection. Here detection is only possible because
of the presence of noise. Having too much noise into the system would lead to false positive detection
events. The response of the system to the signal (e.g. its detection) is therefore maximal for an optimal
amount of noise. The shape of the signal (whether it is periodic or not, etc.) is not determinant for the
occurrence of the phenomenon.

Supra-threshold stochastic resonance

From what has been described previously it seems that stochastic resonance can only occur for sub-
threshold inputs. And this is indeed the case for single element systems. Let us look again at the example
depicted in Figure 1.5: if the signal amplitude is high enough to cross the threshold and trigger detection,
adding any level of noise will only produce false positive events and decrease the performance. However,
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(a) (b) (c) 

Figure 1.6: (a) Picture of Dr. Julie Grollier without noise. (b) Picture with an optimal level of noise. (c)
Picture with too much noise.

Stocks et al. showed that this is not true in systems composed of many elements [44]. All elements have
the same threshold, they receive individual inputs and independent noise. The output of the system is the
sum of the individual outputs. In this case, noise can improve the final output even for supra-threshold
inputs [40].
Figure 1.6 provides an illustration of supra-threshold stochastic resonance. A gray-scale picture is submit-
ted to a threshold operation so that each pixel becomes either black (value below the threshold) or white
(value above the threshold). This black and white picture (Fig. 1.6(a)) is the input of the system4. White
Gaussian noise is then added to the input: a positive or negative random number is added to the value
of each pixel. Some black pixels become white and some white pixels become black. Our eye performs
a local average operation of neighboring pixels, thus leading to a impression of gray-scale (even though
the picture is only composed of black and white pixels). For an optimal level of noise (Fig. 1.6(b)), this
improves our visual perception of the picture. Too much noise (Fig. 1.6(c)) makes the picture blurry and
damages perception. The response of the system to the signal (perception of the picture – and recogni-
tion of the person) is maximal for a non-zero level of noise, which is exactly stochastic resonance.

In consequence, stochastic resonance can occur in non-linear systems submitted to a signal, provided
that the global response of the system to the signal is sub-optimal in the absence of noise. This condition
is extremely broad and as a consequence stochastic resonance has been studied both theoretically and
experimentally in an many different systems and fields. Among the most significant, we can mention:

• Climatology. The canonical model of stochastic resonance allowed to explain how small variations
of the eccentricity of the earth’s orbit around the sun induced glacial ages every 105 years [32]. This
specific case launched the field of stochastic resonance.

• Lasers. Mc Namara et al. observed stochastic resonance in a bistable ring laser [45]. Barbay et al.
4Here each pixel acts as a single threshold element. Some individual inputs (i.e. value of the pixels) are sub-threshold (black)

while some are supra-threshold (white).
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observed stochastic resonance in a vertical cavity surface emitting laser (VCSEL) [46]. Both systems
are bistable with a double well potential and can exhibit canonical stochastic resonance.

• Quantum systems. Lofstedt et al. predicted that stochastic resonance could occur in systems with
quantum wells [47]. Grifoni et al. studied quantum stochastic resonance in spin-boson systems
[48] and Huelga et al. showed it could occur in arrays of coupled quantum elements [49]. Hibbs
et al. showed that stochastic resonance could be used in Superconducting interference devices
(SQUIDs) for weak signal detection [50].

• Sensory receptors in both animals and humans. A very complete (although a bit old) review has
been written by Moss et al. [51]. This review includes stochastic resonance in neurons. Sensory
receptors often exhibit threshold effects, which allows to observe periodic and aperiodic resonance.
Systems involving ensemble of receptors undergo supra-threshold resonance.

• Electrical circuits. Example of stochastic resonance in electrical circuits as well as corresponding
mathematical models can be found in the review by Harmer et al. [52]. Here again, various types
of stochastic resonance are studied, with a focus on supra-threshold resonance which is described
as more favorable for applications (as the value of the threshold is not critical to the success of the
phenomenon).

• Nanomechanical devices. Badzey et al. provided the first experimental demonstration of stochas-
tic resonance in a nanoscale system [53]. They reported the noise-induced amplification of the
response of a nanomechanical silicon bistable oscillator to a periodic rf signal. Venstra et al. showed
how stochastic resonance could allow the detection of a weak signal by a bistable cantilever [54].

• Magnetic systems. With the emergence of spintronics, stochastic resonance was studied in several
bistable nanomagnetic systems: domain wall motion [55], spin valves [56, 57] and recently super-
paramagnetic tunnel junctions by our group [12, 58].

1.1.2.3 Relevance of stochastic resonance for computing

Among the systems in which stochastic resonance has been observed, neurons have received a specific
focus. Models of various types of neural systems have been studied [59], including integrate and fire
neurons [60], spiking neurons [61], more realistic ionic neurons [62], small-world networks [63] and
scale free neurons networks [64]. Stochastic resonance has been observed in in-vitro experiments on rats
neurons, suggesting the positive role of noise in sensory tasks [65–67]. Hidaka et al. showed in-vivo
that submitting a venous blood pressure receptor to a weak periodic drive and an arterial blood pressure
receptor to an optimal level of noise can improve the human blood pressure regulatory system [68]. This
suggests that stochastic resonance occurs as the signals from both receptors are combined in the brain.
Nevertheless, it has not been demonstrated that the nervous system actually uses stochastic resonance.
The review What Is Stochastic Resonance? Definitions, Misconceptions, Debates, and Its Relevance to

Biology provides more references and details about this topic [8].



16 CHAPTER 1: COMPUTINGWITHNOISE AND STOCHASTIC COMPONENTS

Whether our brain uses noise to perform computations is a fascinating and still open question. However,
the following facts are certain:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. The brain operates in an environment where noise can be found at high levels and under various
forms [5, 8, 69].

2. The human brain is able to perform complex computations, and this while only consuming 20
Watts.

3. Both neural models and real neurons are able to exhibit stochastic resonance.

Regardless of whether noise is really used by the brain, these facts suggest that stochastic resonance is an
interesting path for the design of computing systems that are inspired from biology. A straightforward
and attractive idea is to use stochastic resonance for weak signal detection by artificial neurons (in smart
sensors for instance). However, using stochastic resonance for detection has not been translated into real
applications, despite many attempts among which can be cited the following patents [70–74]. Some
possible reasons for this fact are:∣∣∣∣∣∣∣∣

1. Usingnoise for computing is a good idea but stochastic resonance is limited toweak signal detection,
which is not the most useful effect for computing.

2. An appropriate system for noise to be used in has not been proposed yet.

As a consequence, in section 1.1.2.4 we review other noise-induced phenomena and in section 1.1.2.5
we explain why noise-induced synchronization is promising. Then in section 1.2 we show that the super-
paramagnetic tunnel junction is an appropriate building block.

1.1.2.4 The broader paradigm of stochastic facilitation

Interesting noise-induced phenomena are numerous and various. They include stochastic resonance ,
noise-induced synchronization [75–79], coherence resonance [80, 81], noise-induced phase transitions
[82–84], noise-induced chaos [85], noise-induced pattern formation [86, 87], noise-induced wave prop-
agation [88, 89], diversity resonance [90, 91], gain enhancement [92], and many others [93–95].
It should be noted that the phrase stochastic resonance is often used in the literature to refer to any phe-
nomenon where noise has a positive impact, which leads to confusion. This is why it has been proposed
to designate these phenomena by the expression stochastic facilitation [96]. Stochastic facilitation is thus a
generalization of stochastic resonance. It describes the fact that the performance of a system ismaximal for
an optimal level of noise which is non-zero, as depicted in Figure 1.7. Two important conditions should
be reunited for stochastic facilitation to occur:
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Output performance 

Noise level 

Figure 1.7: Sketch of the typical output performance versus noise level curve in a system which exhibits
stochastic facilitation.

∣∣∣∣∣∣
1. The system should be non-linear.

2. The performance in the absence of noise should be sub-optimal.

1.1.2.5 Noise-induced synchronization for low power computing?

Noise can induce the synchronization of a system with an external signal drive. As for noise-induced
detection in the case of stochastic resonance, this phenomenon occurs for sub-threshold signals which am-
plitudes are too low to trigger synchronization in the the absence of noise. Noise-induced synchronization
has been studied extensively theoretically [76, 97–100]. The most striking signature of noise-induced
synchronization is the evolution of the frequency of the system versus the level of noise. As depicted in
Figure 1.8, the frequency of the system plateaus at the frequency of the drive within an optimal range of
noise for which synchronization and phase-locking are achieved. This plateau has been experimentally
observed in various systems ranging from Schmidt triggers [101] to laser rings [46] and biological sensors
in fish [102]. In Chapter 3 we present the first experimental observation of noise-induced phase locking in
a nanoscale device [12] as well as the first experimental observation of the frequency versus noise plateau
in a nanoscale device [58]. To our knowledge, only one direct comparison of theory and experiment
has been made [103]. In Chapter 3 we propose an original and comprehensive model of noise-induced
synchronization. We validate both numerical and analytical results by direct comparison to experimental
data [58, 104]. More details about noise-induced synchronization are provided in Chapters 3 and 4.
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Figure 1.8: Sketch of the typical evolution of the frequency of a system submitted to a sub-threshold
signal versus the level of noise. The horizontal dashed line represents the frequency of the
drive Fac.

There has also been a specific interest for noise-induced synchronization in neural networks. It has been
demonstrated theoretically [63, 105–110] and observed experimentally in rats [111] and paddle-fish [99].

Synchronization plays an important role in the brain [112]: phase-locking of neuronal oscillations might
be a key element in the processes of learning and memorization. Inspired by these observations, many
theoretical schemes using synchronization of oscillators to perform tasks such as pattern recognition and
classification have been proposed [113, 114]. Implementing these schemes in hardware holds the promise
of fast and low power cognitive computing. Specifically, several groups have worked on how to use net-
works of coupled spin torque nano-oscillators [115–117]. In nanoscale devices, the fluctuations of thermal
noise have an important impact. In particular, noise is detrimental to traditional synchronization. Being
able to use noise-induced synchronization would not only settle the issue of noise but also allow further
power consumption gains (as lower drive amplitudes would be required). In Chapter 3 we show how
noise induces the low power synchronization of a spin-torque nano-oscillator.

Applying this for computing applications requires understanding how noise-induced synchronization
occurs in systems composed of several coupled oscillators. Noise-induced synchronization of coupled
elements has been studied for several systems, such as arrays of generic nonlinear elements [118–120]
or linear chains of diffusely coupled diode resonators [121]. These works focus on noise-induced signal
power amplification but do not study frequency-locking and phase-locking directly. In Chapter 4 we
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conduct a study of noise-induced synchronization of coupled spin-torque nano-oscillators.

Conclusion

Thepotential ofnoise-inducedphenomena is large.Over a thousandpatents including thephrase "stochas-
tic resonance" have been filed (according to aGoogle Patents search).However,over three decades after the
discovery of stochastic resonance, little has actually been done in term of concrete applications5. Stochas-
tic resonance has been demonstrated and patented in spintronic devices but with a goal of traditional
detection and not computing [56, 57, 123, 124]. Attempts to use stochastic resonance for computing,
such as logical stochastic resonance [125], have not lead to concrete applications.

Stochastic resonance is extremely useful for the detection of weak signals but is probably not the most
suitable noise-induced phenomenon for computing. On the contrary, noise-induced synchronization can
be used in synchronization-based computing schemes. It is thus promising for leveraging noise in order
to lower the power consumption of computing operations. To fulfill this potential, there is the need for
a non-linear device that can exhibit noise-induced phenomena and fit into computing schemes.

After describing in this section how noise in physical system can have a positive impact, we now turn to
the direct benefits of randomness for computing. The following section explains how random numbers
encoding probabilities can allow to perform computations at low energy cost.

1.1.3 Computing with probabilities: stochastic computing

Since the beginnings of computing machines, it has been proposed to encode information by probabil-
ities and not numbers [14, 126, 127]. The series of "0" and "1" bits no longer use the traditional binary
representation but form a random bitstream which average value (i.e. the probability to have a "1" bit)
is the encoded number. For example, the number "1010010111" should be read as the probability "6/10
= 0.6" (instead of "663" in binary representation6). Larger numbers of bits allow to encode numbers
with a higher precision. A small bitstream will give a rough approximation of the result, thus allowing a
progressive precision gain. Using random bitstreams to encode numbers and the ensemble of schemes to
perform operations on them is called stochastic computing. The main asset of this probabilistic representa-
tion is its tolerance to errors. With traditional binary representation, errors can be fatal if they concern
the most significant bits. On the contrary, the bits composing random bitstreams do not have a hierarchy
of significance: each bit contributes equally to the average. For example, coding "0010010111" instead of
"1010010111" (i.e. an error on one bit) leads to representing "0.5" instead of "0.6". A much smaller error

5As an anecdote, the most mature application of a noise-induced phenomenon is the improvement of balance in elderly
people via vibrating shoe soles [122].

6In binary representation, a number ofN digits encodes the value
∑N−1
i=0 2i where i is the index of the digit (with 0 for the

last digit on the right andN − 1 for the first digit on the left).
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P2 = 6/8 

P = P1 x P2 = 3/8 
AND 

Figure 1.9: Implementation of a multiplication with a single AND gate. The probabilities P1 and P2

associatedwith the inputs aswell as theprobabilityP associatedwith the output are indicated.

than representing "151" instead of "663"!

Many schemes allowing to perform computations on random bitstream have been developed [128, 129].
An important asset of stochastic computing has emerged: many operations that are complex and thus
costly with traditional binary representation are simple when dealing with probabilities. For example,
implementing the multiplication of two binary numbers requires counters and full adders. On the other
hand, a single ANDgate is sufficient tomultiply two probabilities, as described in Figure 1.9. The random
bitstream resulting from the AND operation of two random bitstream has an average value equal to the
product of the average values of the two inputs.Many studies have shown that using stochastic computing
enables to reduce considerably the chip area used as well as the power cost [128, 129]. In the early days
of stochastic computing, studies have focused on implementing the building blocks of general purpose
computing (matrix operations [130], division and square rooting [131], etc. ). Neural networks have been
explored [132–134], as well as hybrid analog-digital computing [135].

The strengths of stochastic computing are:∣∣∣∣∣∣∣∣∣∣
1. Small area used and low energy cost

2. High tolerance to errors

3. Progressive precision

However, these strengths have not been sufficient to alter the domination of conventional deterministic
computing. CMOS transistors have quickly become highly reliable and the advances ofMoore’s law have
allowed for lower and lower energy costs, making stochastic computing promises unnecessary. Moreover,
stochastic computing has critical issues. The generation of random bitstreams with CMOS technology is
energy costly, and the same is true about analog-random bitstream conversions. Furthermore the random
bitstreams in a stochastic logic unit (ex: an AND gate for a multiplication) should be uncorrelated for
the operation to be accurate. This makes cascading logic gates uneasy and requires to regenerate random
bitstreams frequently, which consumes even more energy. The energy gain due to the logic simplifica-
tion of stochastic computing is annihilated by the cost of generating the stochasticity. For these reasons,
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stochastic computing has been unable to compete with conventional computing yet.

As Moore’s law is coming to an end and as energy consumption is becoming a burning issue, stochas-
tic computing appears increasingly appealing. Research in this field has focused on more appropriate
applications: image processing [136], a control unit for a motor [137], a sensor-on-chip [138], pattern
recognition [139, 140], synaptic samplingmachines [141],Bayesian inference [139, 142] andmoremodern
neural networks [143]. These applications are highly costly to implement by conventional computing. By
allowing easy implementation of complexmathematical functions aswell as parallel computing, stochastic
computing brings drastic energy gains. In the light of the decreasing reliability of electronics components
when the nanoscale is reached, a broader paradigm – "stochastic electronics" – has been called for [144].
It proposes to put randomness at the core of the hardware and to use noise through stochastic facilitation
(see section 1.1.2). Diverse forms of computing with probabilistic hardware have been developed as well
[145–148].

Though promising, this new view of stochastic computing does not address the issue of randombitstream
generation. There is the need for a device which is able to generate random numbers at low energy cost.
Several very different media have been proposed and will be detailed in the following section of this
chapter: biomolecular automata [149], memristors [150], chromophores [151], spintronic devices. We
explain why spintronic devices are particularly promising.

Conclusion

Several ways to harness randomness for computing exist and have been studied thoroughly. However they
have not yet lead to actual computing applications. Indeed it is difficult to identify a perfect stochastic
building block.
This device should:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. Have a non-linear dynamics in order to allow stochastic facilitation phenomena.

2. Have an intrinsic stochastic behavior which is well understood and controlled.

3. Have an easily readable output.

4. Be able to integrate in novel computing schemes.

5. Be compatible with CMOS technology in order to build hybrid circuits.

In the following section we review various proposed candidates. We investigate how nanotechnology can
answer to this need and we explain why stochastic spintronic devices called superparamagnetic tunnel
junctions are particularly promising building blocks.



22 CHAPTER 1: COMPUTINGWITHNOISE AND STOCHASTIC COMPONENTS

1.2 Proposals of stochastic building blocks

Several systems – which differ fundamentally – have been proposed to implement novel forms of com-
puting that harness randomness. However, computing with these stochastic devices is still at a very early
stage and not much has been demonstrated yet. We present the most significant of these devices and
explain why they can be promising.

Section 1.2.1 Quantum Dots Cellular Automata presents a computing system subject to randomness:
quantum dots. Section 1.2.2Molecular approaches introduces two molecular media for stochastic com-
puting: chromophores and bio-molecular automata. The devices in Sections 1.2.1 and 1.2.2 are quite
far from those used in this thesis. The role of these sections is rather to illustrate the variety of possi-
ble approaches to harness natural randomness. Sections 1.2.3Memristors and 1.2.4 Spintronics describe
approaches using nanotechnology. Nanoscale devices are particularly interesting for computing appli-
cations because they exhibit complex dynamics and their states can be read and controlled more easily
than the ones of molecular devices. Furthermore, it has been shown that nano-devices can emulate some
functionalities of the components of the brain: synapses and neurons. This makes them promising can-
didates for the hardware implementation of bio-inspired computing schemes. Section 1.2.3 presents how
to use the natural stochasticity of memristors for computing while Section 1.2.4 focuses on the field of
nanotechnology which is the topic of this thesis: spintronics.

1.2.1 QuantumDots Cellular Automata

A cellular automaton is a grid of identical unit cells. Each cell has a finite number of states. The change
of state of each cell depends on a set of rules conditioned by the state of its neighbor cells. It has been
demonstrated that both deterministic [152, 153] and probabilistic [154] cellular automata can perform
computing tasks. While most cellular automata are implemented in software, there have been several
hardware realizations, the most studied being quantum dot cellular automata and magnetic cellular au-
tomata. The latter will be detailed along with other magnetic systems in Section 1.2.4 so here we focus
on the quantum dot cellular automaton.This device was proposed by Lent et al. in 1993 [155] and build
experimentally by the same team in 1997 [156].

Figure 1.10 depicts quantum dot cellular automata. Each cell is composed of four quantum dots and has
an excess charge of two electrons. The electrons can tunnel between the dots. Because of the Coulomb
repulsion, the two electrons in the cell stay in dots as far as possible from each other. In consequence, the
cell can take two configurations, called polarizations (P = +1 and P = −1) and illustrated in Figures
1.10 (a) and (b). To each configuration can be affected a binary state "0" or "1".
If two cells are placed next to each other, they will take the same polarization because of Coulomb repul-
sion. This allows creatingwires of quantumdots cellular automatawhich propagate binary states through
space.
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Because of their quantum nature, these devices exhibit intrinsically random behaviors [157–159]. In
consequence, a recent study by Purkayastha et al., proposes to use quantum dot cellular automata as
true random number generator [160]. A true random number generator uses an intrinsically stochastic
phenomenon to generate random number, on the contrary of a pseudo random number generator which
uses a software to generate deterministic numbers with close to random statistics. The authors propose an
architecture and an algorithm to generate random ciphers. These results could be useful for cryptography
applications.

Quantum dots cellular automata are not limited to random number generation, they are building block
for computing. For example, a majority gate can be implemented by several cells, as illustrated in Figure
1.10 (c). The three inputs cells A, B and C influence the cell in the middle. Because of Coulomb repulsion,
the middle cell takes the polarization corresponding to the majority of the three inputs and propagate its
state to the output cell. In the depicted exampleA = 0,B = 0 andC = 1 so the output is "0".

Their intrinsic random behaviormakes quantum dot cellular automata interesting candidates for stochas-
tic computing. However, despite the facts that this stochasticity has been widely studied and that com-
puting schemes with probabilistic cellular automata have been proposed, there has been – to the best
of our knowledge – no use of quantum dots for stochastic computing. The works on computing with
quantumdots rather focus on how to fight their randomness,with redundancy between others [161, 162].

The quantum dots cellular automata, built by Orlov et al., were made of Aluminum islands separated by
tunnel barriers of AluminumOxide [156]. The size of the cell was 60× 60nm. This type of quantum
dots require extremely low temperatures (T ' 50mK) and is sensitive to any electrostatic perturbation.
These restriction are a crucial drawback for applications with quantum dots and indeed computing with
quantum dot cellular automata has not gone beyond the exploratory stage. However, a quantum dot
working at room temperature has been patented recently [163], which might lead to new developments.

It has also been proposed to implement quantum dots with molecules, which would allow more robust-
ness to thermal and electric disturbances [164]. There has been a lot of theoretical work on molecular
quantum dot cellular automata and candidates molecules have been synthetized [165]. However, molec-
ular quantum dots have not been experimentally demonstrated yet.

1.2.2 Molecular approaches

1.2.2.1 Biomolecular automata

Biomolecular automata are molecular systems that go through a predetermined sequence of state-to-state
transitions. These transitions can be deterministic or stochastic. Figure 1.11 (A) depicts a biomolecular
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(a) (b) 
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Figure 1.10: (a)-(b) Quantum boxes composed of four dots. The light grey circles are empty dots while
the dark grey circles are dots filled by an electron. The box (a) has a+1 polarity (binary state
"1") while the box (b) has a −1 polarity (binary state "0"). (c) Majority gate composed of
quantum dots. The dark grey circles are the input electron-filled dots while the black circles
are the output.
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automata with two states S0 and S1. The transition "a" keeps the current state of the molecule unchanged
while the transition "b"makes it change state (i.e. a chemical reaction transforms themolecule into another
molecule). Biomolecular automata can perform computing [166, 167]. The "intput", "output", "software"
and "hardware" of such a biomolecular computer all are biomolecules. The input molecule undergoes a
sequence of operations, which are determined by another molecule – the software molecule. These oper-
ations change the inputmolecule into the outputmolecule which is the result of the computation. In this
biomolecular automata, the input is a DNAmolecule. The transitions that the input will undergo are
encoded by another set of DNAmolecules (software). The hardware is composed ofDNA-manipulating
enzymes. The digestion of the input DNA by the enzymes depends on the software DNA. At the end of
the reaction the input is transformed into the output DNAmolecules, which encodes the result of the
computation. Figure 1.11 (B) explains how an input molecule S0 undergoes a program corresponding to
the successive transitions "a-b-a-b". At the end of the program the output molecule is S0 again.
Biomolecular computers are particularly relevant for the analysis of biomedical information. They can
provide a direct analysis of biological signals without having to convert information into electronic form.
For instance a biomolecular computer could perform direct recognition of molecular disease indicators
and automatically release a biologically active molecule as a drug. Because biological processes are highly
stochastic, it is a good strategy to use a computing method which takes advantage of this randomness.
Therefore, stochastic computing is appropriate for biomolecular computing, and processing biological in-
formation in general [168–170]. In consequenceAdar et al. have proposed a design principle of stochastic
biomolecular computer [149]. Figure 1.11 (C) depicts a stochastic biomolecular automata. It still has two
states S0 and S1 and two transitions "a" and "b". Each transition has two possible outcomes, each associated
to a probability. For example, applying the transition a to the state S0 leads to S0 with 0.8 probability and
to S1 with 0.2 probability. Figure 1.11 (D) shows the possible paths taken by the automata when submit-
ted to the program a-b-a-b. Each path and each resulting state has a probability. At the end the program,
the output molecule is S0 with 0.44 probability and S1 with 0.56 probability. Adar et al. demonstrated
experimentally the implementation of such a system. The probabilities of the transitions outcomes are
controlled by choosing the concentrations of the various software molecules. This constitutes a building
block for stochastic computing systems based on biomolecular automata.
This idea is excitingbecausemolecules canbe synthesized inhugenumberswithatomicprecision. Biomolec-
ular computing are particularly promising for the biomedical applications of stochastic computing. How-
ever, non-biological computing tasks, if they were to be implemented by biomolecular automata, would
require complex and costly electronics/biology conversions of information.

Biomolecular computing has undergone a lot of progress, as detailed in the review by Benenson [171].
Basic computations have been demonstrated, such as a few consecutive XOR gates [172] or a binary
counter up to 17 [173]. However, the realization of large scale system is challenging (due to issues such as
error propagation) its feasibility yet remains to be demonstrated.
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Figure 1.11: (A) Principle of a deterministic biomolecular automaton. The blue circles represent the pos-
sible states (S0 and S1) and the curves arrows the transitions (a and b). (B) Evolution of a
deterministic biomolecular automaton. The successive states and the program are indicated.
The vertical arrows represent the labeled transitions. (C) Principle of a stochastic biomolec-
ular automaton. A probability is associated to each transition. (D) Evolution of a stochastic
biomolecular automaton. A probability is associated at each path. The resulting probability
of each state is indicated in the lower half of the circle corresponding to the state. From [149].
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1.2.2.2 Resonant energy transfer between chromophores

The chromophore is the part of a fluorescent molecule which is responsible for its color. A chromophore
has two molecular orbitals which energy difference correspond to visible light. In consequence it can ab-
sorb a photon of a given wavelength, exciting an electron from its ground state to a higher energy orbital.
The excited chromophore can then re-emit a photon of the same wavelength. When two chromophores
are close to each other resonant energy transfer7 can occur: the donor absorbs a photon, then transfers
energy to the acceptor which in turn can emit a photon (as depicted in Figure 1.12 (a)). This is possible
when the chromophores are a couple nanometers apart and have overlapping absorption-emission spec-
tra. The resonant energy transfer is a nonradiative dipole-dipole interaction. As only a fraction of the
excitation energy is transferred, the light emitted by the acceptor has a larger wavelength than the light
absorbed by the donor. Details about resonant energy transfer between chromophores can be found in
[174, 175]. The time between the absorption by the donor and the emission by the acceptor is random
and has an inverse exponential probability distribution. It constitutes a continuous time randomMarkov
chain.
An excited chromophore naturally re-emits energy in two manners: fluorescence and nonradiative decay.
As a consequence there are several possible paths for a network of two chromophores when one absorbs
a photon, described in Figure 1.12 (b) and (c). The chromophore (donor) can fluoresce, emit energy by
nonradiative decay or transfer energy to the other chromophore (acceptor) by resonant energy transfer.
The excited acceptor can then fluoresce, emit energy by nonradiative decay or re-transfer energy to the
donor by resonant energy transfer. Each path is an element of the Markov chain and is associated to a
specific rate (ex: KRET for the resonant energy transfer from the donor to the acceptor). Figure 1.12 (c)
presents the diagramof theMarkov chain of the network. The rates dependon the types of chromophores
employed as well as on their distance to each other (the rate of the resonant energy transfer varies like
1
d6 where d is the distance between the donor and acceptor). Networks composed of large numbers of
chromophores can implement complex Markov chains.
The photons emitted by the fluorescence of each chromophore can be detected. The time intervals be-
tween the photon detection events are random and with a probability distribution given by the Markov
chain of the network. Wang et al. showed that observing these intervals means sampling from a probabil-
ity distribution [151]. It allows to sample both continuous variable and discrete variables (by discretizing
the time in time steps). By modifying the types of chromophores and the topology of the network, one
can implement many Markov chains and thus many probability distributions to sample from. This is
particularly useful to implement computing schemes which require many random numbers (discrete
or continuous) from specific probability distributions. Wang et al. specifically propose to use resonant
energy transfer between chromophores for Bayesian computing tasks. Building a chromophores network
matching the considered Bayesian network enables to directly sample from the wanted probability dis-
tribution. This allows to perform Bayesian tasks without computing complex probability distributions
and artificially generated random numbers, which is time and energy costly.

7Also called Forster resonant energy transfer or fluorescence resonant energy transfer.
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Figure 1.12: (a) Schematic of the resonant energy transfer mechanism. (b) Schematic of a two-
chromophores network. (c) The corresponding Markov chain, with the rates associated to
each path. Adapted from [151].

Conclusion

Several approaches to use molecules as building blocks for stochastic computing have been proposed.
These approaches are exciting, however, molecular computers still have a long way to go before becoming
a mature technology. In particular, it is difficult to read and control the state of molecules. In the next
section we turn to nanotechnology and more specifically memristors – which do not suffer from these
issues.

1.2.3 Memristors

The aim of this Section is to:

∥∥∥∥∥∥
1. Explain why memristors are promising for novel forms of computing.

2. Present the existing approaches that leverage stochasticity in these devices.

Remark: This Section does not aim at reviewing the uses of memristors for computing in general nor
for the specific field of bio-inspired computing. Detailed reviews can be found in [176–178] and the ar-
ticles cited within them. Furthermore, this Section voluntary exclude spintronic memristors which are
presented in Section 1.2.4.3.
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Figure 1.13: Sketch of the typical resistance versus voltage curve of a memristor. From [179].

1.2.3.1 What is a memristor?

Memristor is the contraction ofmemory-resistor. In this work we use the following definition: a device
which resistance depends on the history of electrical charges flowing through it. The typical resistance
versus voltage curve of memristors is represented in Figure 1.13. The highest resistance corresponds to the
OFF state (little current can flow through the device) while the lowest resistance corresponds to theON
state (more current can flow). Some devices exhibit intermediary resistance states. Switching between
the different states can be achieved by varying the voltage across the device. Memristors and the physical
phenomena responsible for their resistance variation come in extremely various types. Some undergo
phase-transitions, some undergo reduction-oxidation reactions, some undergo motion of atoms, some
are made of organic molecules, some are magnetic.

Although the term "memristor" originally referred to analog value resistors, it appears that binary devices
can be used in similar way asmulti-state devices for computing purposes. In consequence wewill consider
binary devices as memristors8. Furthermore we focus on nanoscale memristors9.

Memristors have attracted a lot of attention because of their assets formany applications such as data stor-
age, logic and bio-inspired computing. They are scalable to nanometric dimensions [180], they consume
little power [181], they can be connected in large arrays through the crossbar geometry [182] and they

8With this definition, a magnetic tunnel junction is a memristor.
9The nanometric size is usually implied when mentioning memristors.
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are compatible with CMOS technology [183]. For data storage, non-volatile memristors are regrouped
under the name of Resistive Random Access Memory (ReRAM)10. Memristors can also implement
logic functions [184]. The application that has generated the most interest is neuromorphic computing.
Indeed it has been demonstrated that memristors can emulate some functions of the brain components:
neurons and synapses.

Neurons are the computational units of the brain. They receive and emit voltage signals, thus communi-
cating with other neurons. Synapses connect the neurons to each other. They carry memory by having
a variable non-volatile electrical resistance. The synaptic weight between two neurons (i.e. the resistance
of the synapse between them) determines how strongly connected they are. The higher the conductance
(the lower the resistance), the stronger the connection. The algorithms to implement learning in artificial
neural networks typically modify the synaptic weights in order to get the wanted connections between
the input neurons (which receive the data) and the output neurons (which give the result of the task).
Using nanodevices as artificial neurons and synapses would enable to implement bio-inspired computing
schemes in hardware and thus save huge amounts of energy as compared to software methods. Non-
volatile memristors naturally emulate synapses and exhibit several of their functionalities [185–188]. It
has been demonstrated that they can be used in bio-inspired learning schemes [189, 190] . Implementa-
tions of neurons using memristors (called neuristors) have also been proposed [191].

Because the relative importance of thermal fluctuations become more important at the nanoscale, the
switchingmechanisms ofmanymemristors are intrinsically stochastic. The solutions to fight this random-
ness are energetically costly. In consequence, several groups have proposed to embrace the stochasticity
of memristor and use it for computing applications. Here we present the most significant contributions.

1.2.3.2 Memristors as random bitstream generators

The group of Wei Lu at Michigan University has investigated the use of memristors to generate random
bitstreams for stochastic computing [150, 192, 193]. The considered device is composed of a solid state
electrolyte sandwiched between two electrodes, as depicted in Figure 1.14 (a). The bottom electrode is in
poly-silicon, the top electrode is in silver and the insulating matrix is in amorphous silicon. Figure 1.14 (b)
represents the switching cycle of the memristor. The device starts in the OFF state: the resistance is high
because of the insulating layer. A positive voltage is applied to the top electrode. Up to a threshold voltage
V+ ' 5V , no current flows through the device (1). The voltage across the device causes silver cations to
migrate in the insulatingmatrix, forming a filament (Fig. 1.14 (a)).When the voltage crosses the threshold
V+, the filament reaches the bottom electrode, making the device conductor. The resistance switches to
a low value, allowing current to flow (2). This corresponds to the ON state. The current decreases when
the voltage is decreased – as the device behaves as a resistor (3-4-5). A negative voltage causes the cations

10Except for magnetic devices which are calledMRAM as will be seen in Section 1.2.4.3. ReRAM are restrained to resistance
changes originating from a physico-chemical transformation of the material.
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(a) (b) 

Figure 1.14: (a) Sketch of the memristor: the insulating matrix (light blue) is sandwiched between the
poly-silicon (dark blue) and silver (yellow) electrodes. Silver ions migrate (yellow spheres)
migrate in the insulating matrix. From [194]. (b) Experimental switching cycle of the mem-
ristor: the current flowing through thememristor is plotted versus the voltage across it. From
[192].

to migrate back toward the top layer. This thins down the filament and increases the resistance, hence
the slope changes from (4) to (5). When the voltage reaches the threshold V− ' −4V , the filament no
longer connects the two electrodes. The resistance switches to the high value (6): the device is back in the
OFF state. The negative voltage destroys the filament (7) and the cycle can start again.

The process of filament formation is intrinsically stochastic because it involves themotion of atoms.When
a large enough voltage is applied, the waiting time before the formation of the filament is random and
follows a Poisson process [195], as depicted in Figure 1.15 (a). The probability for the filament to form in
a∆t interval within a time t is:

P (t) =
∆t

τ
exp

(
− t
τ

)
. (1.11)

Where τ is the characteristic time, which decreases when the applied voltage increases.

Integrating equation 1.11 leads to the cumulative switching probability:

C(t) = 1− exp

(
− t
τ

)
. (1.12)

If a voltage pulse of given amplitude and width is applied to the device, the probability to switch the
resistance is given by equation 1.12. Applying a succession of identical pulses and observing the state of
thememristor generates a randombitstream, as depicted in Figure 1.15 (b). Each attempt to induce switch-
ing represents a bit. A successful switch corresponds to a "1" while no switch corresponds to a "0". The
probability encoded by the bitstream can be raised (reduced) by increasing (decreasing) the amplitude
and the width of the voltage pulses.
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(a) (b) 

Figure 1.15: (a) Random wait time distribution for an applied voltage of 2.5 V. Red bars: experimental
data. Solid black line: fitting of equation 1.11 using parameter τ = 340ms. (b) Result of
the switching attempt ("0" means failure while "1" means success) versus the number of the
attempt. Each attempt corresponds to a voltage pulse of amplitude 2.5 V and width 300ms.
This bitstream has a probability p = 0.4. From [192].

This memristor emulates a true random bitstream generator. It could be used for stochastic computing
applications. A critical issue of such devices is their high power consumption. For instance Figure 1.15
presents results obtained for an applied voltage of 2.5 V, which is much higher than the ones used in
traditional computing circuits.

This principle has been explored further by other groups. More recently, Balatti et al. proposed a true
random number generator based on a ReRAM device and investigated the power consumption of the
system as well as the circuit integration aspects [196].

1.2.3.3 Memristors as stochastic integrate-and-fire neurons

Various types of neurons have been observed and many theoretical models have been proposed. One of
the most popular models is the integrate and fire neuron. This type of neuron receives voltage inputs and
integrates them.When the cumulative value of the received inputs exceeds a threshold, the neuron fires a
voltage pulse (also called spike). The neuron is reset and integration can start from zero.
In biological neurons, inputs are stored by the potential of themembrane (a lipid bi-layer around the cell).
Integrating inputs and firing outputs are stochastic processes. This is due to the noise of ionic conduc-
tance, the effect of thermal noise on the motion of charge carriers, inter-neuronmorphological variability
and background noise. Stochasticity is an important component of neural behavior. Some studies have
even suggested that it is used for information encoding [197]. Specifically, many schemes using assemblies
– called populations – of stochastic neurons have been proposed. More details are given in Chapter 5
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(a) (b) 

Figure 1.16: (a) Transmission electron microscopy image of a phase-change memristor. The thickness u
of the amorphous region is indicated. (b) Conductance of the phase-change memristor ver-
sus the number of applied voltage pulses. Inset: sketches of the corresponding states of the
device, with the electrodes in green, crystalline region in blue and amorphous region in red.
From [198].

which focuses on computing with populations of stochastic spintronics devices as neurons.

Here we present an implementation of stochastic integrate and fire neurons with phase-change memris-
tors, proposed by Tuma et al. [198].
The memristor is composed of a chalcogenide-based phase-changing material sandwiched between two
metallic electrodes, as shown in Figure 1.16 (a). The phase-change material has two possible states: crys-
talline or amorphous. The crystalline state has a higher electrical conductance (lower resistance) than the
amorphous state. The device studied is calledmushroom type because only a dome-shaped region of the
material actually undergoes phase transitions while the rest remains crystalline, as depicted in Figure 1.16
(b). The conductance of the device is directly linked to the thickness of the amorphous region. Figure 1.16
(b) represents the evolution of the conductance of the memristor versus the number of applied voltage
pulses. At first the conductance is low because the amorphous region is large (red in the insets). Applying
voltage pulses lets current flow through the device. This generates a Joule heating of the amorphous re-
gion. For the right pulses amplitude, the temperature is above the glass transition but below the melting
point of the material. The heating therefore allows crystal growth and the thickness of the amorphous
region decreases. The conductance of the device thus increases. When it reaches a threshold, the current
flowing through the device is large enough for the temperature to reach the meting point. As the pulse is
cut-off abruptly, the material within the region quenches into the amorphous phase. This corresponds
to the firing of the neuron and resets the device to a low conductance.
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The thickness of the amorphous region and its evolution are ruled by processes that are intrinsically
stochastic. The origins of this randomness are:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. The thickness of the amorphous region and its internal atomic configuration created by melting
and quenching when the neuron fires are never the same after reset.

2. During melting, the atomic mobility is high. Small variations in the initial conditions or pulse
characteristics lead to different states and thus different growth velocity.

3. At each reset the amorphous region has different crystalline nuclei. This leads to different thickness
evolution when pulses are applied.

4. Additional crystalline nuclei can appear and after the thickness evolution.

This stochasticity is translated into the distribution of the interspike intervals. Figure 1.17 shows that
the distribution of the interspike intervals is broad for a given pulse width. The mean interval decreases
exponentially when the pulse width increases. The inset of Figure 1.17 shows that the distributions of
interspike intervals are Gaussian. The larger the pulse width, the lower the mean interval and the more
narrow the distribution.

A population of such stochastic neurons are able to encode information in a way that is not possible with
a single neuron or a population of deterministic neurons. The population is composed of an assembly of
memristors. Because of inter-device variability, the frequencies of the artificial neurons follow a roughly
Gaussian distribution (as represented in the inset of Figure 1.18 (b)). All individual frequencies are below
20 kHz. Each memristor of the population is submitted to triangular input signal of frequency F =

10kHz. This means the signal is broadband as all its components have a frequency above 10 kHz. Figure
1.18 (a) compares the input signal and the response of the population. It can be observed that the number
of firing devices versus time follows the same shape as the input signal. The population is able to encode a
broadband signal even though the individual frequencies of the devices were all under 2F . With a single
device, this would have not been possible, due to theNyquist-Shannon theorem [199].With a population
of deterministic spiking neurons, which fire at a periodic pace, this would have been challenging. Using
stochastic rather than deterministic neurons allows in this specific case to encode a signal with a better
time resolution. Figure 1.18 (b) shows that the representation error decreases with the number of devices.
It outlines the strength of the population coding.
This work illustrates how stochasticity and variability in nanodevices can be used as an asset.

Conclusion

We have presented two approaches where the random behavior of memristors are leveraged: using the
stochastic pulse-programming of memristors as a true random bitstream generator and using the stochas-
tic firing of integrate-and-fire memristors to encode signals with a better time resolution. Both these ap-
plications would not be possible with deterministic devices. There is no doubts that many other schemes
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Figure 1.17: Main: Distribution of the interspike intervals of a single device versus the width of the ap-
plied voltage pulses. the amplitude of the pulses is 2 V. An inverse exponential curve (red
solid line) is fitted to the experimental data (black-green bars). Inset: Relative frequency of
the interspike intervals of a single device for various pulse widths (which values are indicated
on topor each curve).AGaussian curve (solid line) is fitted to the experimental data (squares)
for each pulse width. From [198].



36 CHAPTER 1: COMPUTINGWITHNOISE AND STOCHASTIC COMPONENTS

(a) (b) 

Figure 1.18: (a) Left axis: input signal versus time. Right axis: number of devices that have fired within a
10µs window versus time. This is for a 500 hundred neurons population. (b) Main: repre-
sentation error between the input signal and the population response versus the population
size. Inset: distribution of the individual neurons frequencies (vertical bars) andGaussian fit
(red solid line), for a 500 neurons population. From [198].

where the stochasticity of memristors is a benefit can be proposed.
These results are promising for the implementation of computing systems using randomness. As men-
tioned previously, memristors have many attractive qualities to be computational building blocks. How-
ever, they have some limitations. The stochastic behavior of memristors come from physical phenomena
that are multiple and not well controlled. The physics of filament formation and destruction in mem-
ristors is yet not fully understood. Although the resistance switching mechanism can be described as
a Poisson process, its characteristic time and the way it varies from device to device are not well mod-
eled. Similarly, the randomness in the interspike intervals of phase-change memristors comes frommany
non-controllable physical sources. Stochastic behaviors in memristors originate from defects and hard to
predict parameters. It seems therefore challenging to manufacture large numbers of memristors which
random behaviors follow probability distributions with random parameters, though this would be a
requirement in order to build computing systems. Furthermore, the resistance of phase-change devices
drifts with time so that it is different every time the state is modified. This is due to variations in the struc-
ture of the device when it relaxes to the amorphous phase [200]. Finally, the describedmemristors exhibit
resistance changes due to structural variations or atomic motion. Performing these changes degrades the
device. In consequence, these memristors have a limited endurance (typically thy can only last up to 109

cycles) [4].
In consequence, we turn to a specific field of nanotechnology - spintronics. We will show how stochastic
spintronics devices possess similarqualities tomemristorswhile exhibiting better reliability and endurance
as well as a much better understood and controlled stochasticity.
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1.2.4 Spintronics

Spintronics is a contraction of spin electronics. It concerns the study of the physics of the spin of the elec-
trons and of devices aiming at coding andprocessing information not onlywith the charge of the electrons
(which corresponds to conventional electronics) but also with their spin.
The aim of this Section is to:

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

1. Introduce spintronics and the important phenomena used in this thesis.

2. Review the most significant spintronic devices and their applications for conventional and non-
conventional computing.

3. Present the existing approaches that leverage randomness in spintronic devices.

4. Express why spintronic devices are particularly promising for applications and specifically for the
ones involving stochastic behavior.

1.2.4.1 Coding information with magnetic states – Giant and tunnel magnetoresistances

Spintronics was born with the discovery of the Giant Magnetoresistance by Albert Fert and Peter Grün-
berg [201, 202]. In 1988, Fert and his group showed that the electrical resistance of a superlattice of thin
ferromagnetic layers varies when an external magnetic field is applied. Figure 1.19 represents the resistance
of various stacks of iron and chromium layers as a function of the magnetic field. It can be observed that
the resistance is maximal at zero field and drops to a minimal value when a positive or negative magnetic
field is applied. The Fe layers are coupled so that two consecutive layers have anti-parallel magnetizations
at zero field. When the magnetic field is applied, all the Fe layers align. These results implies that a stack of
anti-parallel ferromagnetic layers has a higher electrical resistance than the same stack with parallel layers.
This effect is called Giant Magnetoresistance. At the same time, Grünberg observed the same effect in a
Fe/Cr/Fe trilayer. The discovery of Giant Magnetoresistance created the field and led to the Nobel Prize
in 2007 for Fert and Grünberg.

Giant Magnetoresistance

Giant Magnetoresistance can be explained as follows. In a magnetic material such as Cobalt or Nickel,
the electrons responsible for the magnetism are in the 3d energy band and the electrons responsible for
conduction are in the 4s band. The 3d bands for the electrons which spins are ↑ ("up") and ↓ ("down")
have different energy levels. The "up" 3d band is filled while the "down" 3d band has available state at the
Fermi level. This density discrepancy leads to the magnetism as there is a majority of spin "up" electrons.
Resistivity arises from the scattering of the conduction electrons (4s band) to the 3d band. As there are
more available energy levels in the 3d band of the "down" electrons and spin reversals are rare, the "down"
electrons undergomore scattering. This phenomenon is the basis for the two-channelsmodel: the current
can be seen as separated in two paths with two different electrical resistances. One path is for the "up"
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Figure 1.19: Normalized resistivity versus magnetic field for various superlattices at a temperature of 4.2
K. "(Fe30A/Cr18A)30" refers to a stack of 30 Fe/Cr bilayers, each 30 and 18 Angstrom
high respectively. From [201].

(a) (b) 

(c) (d) 
PARALLEL ANTI-PARALLEL 

Figure 1.20: (a)-(b) Schematic of the two current channels (spins "up" (↑) and spins "down"↓) inmagnetic
layers. The red (blue) arrow indicates the trajectory of the electrons with spins parallel (anti-
parallel) to the magnetization of the layer. The grey arrows represent the magnetization in
each layer. (a) Parallel configuration. (b) Anti-parallel configuration.
(c)-(d) Equivalent electrical circuits. Each branch corresponds to one current channel. The
resistances for eachbranch and layer are indicated. (c) Parallel configuration. (d)Anti-parallel
configuration. From [203].
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electrons and has a low resistance, the other is for the "down" electrons and has a high resistance. The
equivalent circuit is composed of two resistances in parallel (one for the spins "up" and one for the spins
"down").
Figures 1.20 (a) and (b) depict the scattering of electrons in a magnetoresistive device composed of two
magnetic layers separated by a metal. If the two magnetic layers have parallel magnetizations, the notions
of "up" and "down" are the same for both layers. On the contrary, if the two magnetic layers have anti-
parallel magnetizations, the notions of "up" and "down" are reversed from one layer to the other. Figures
1.20 (c) and (d) represent the corresponding electrical circuits. r/2 is the resistance of a magnetic layer for
the parallel channel andR/2 is for the anti-parallel channel (with r < R). The global resistances of the
device are:

RP =
Rr

R+ r
(1.13)

and
RAP =

R+ r

4
. (1.14)

The physical phenomenon is similar in the case of superlattices.
The magnetoresistance ratio is expressed as follows:

MR =
RAP −RP
RAP +RP

=
(R− r)2

4Rr
. (1.15)

The larger the ratio, the larger the giant magnetoresistance effect. Many applications rely on the knowl-
edge of whether the ferromagnetic layers are in the parallel or anti-parallel configuration, in consequence
high magnetoresistance ratios are critical.

A spin valve is a device composed of two thin magnetic films separated by a non-magnetic metal (Fig.
1.21 (a)). One layer – called the reference layer – has a fixed magnetization. The other layer – called the
free layer – has a magnetization which has the energy landscape represented on Figure 1.21(b). The two
stable states are parallel (P) and anti-parallel (AP) to the reference magnetization. Because of the Giant
Magnetoresistance, the resistance is higher in the AP state than in the P state. This allows reading a mag-
netic state by a simple electrical measurement. Each configuration (parallel or anti-parallel) can encode a
possible value of the magnetic bit ("0" or "1").

Tunnel Magnetoresistance

At room temperature, the magnetoresistance ratio in spin valves does not exceed a few tens of percents
[204]. A strategy to achieve higher ratios is to replace the non-magnetic metal by an insulating barrier
which the electrons tunnel through. This type of device is a magnetic tunnel junction and can exhibit
ratios of several hundreds of percent [205]. The magnetoresistive phenomenon is then called Tunnel
Magnetoresistance and can be explained as follows.

A voltage V is applied to the device. The two magnetic layers have energy levels shifted by eV and are
separated by a tunnel barrier. We can make the approximation that only energy states betweenEF − eV
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Figure 1.21: (a) Schematic of a magnetoresistive stack of thin films. (b) Energy landscape of a magnetore-
sistive device. The magnetic configurations corresponding to the states P (parallel) and AP
(anti-parallel) are sketched under each well. The energy barrier∆E is represented.

andEF can take part in the tunneling, withEF the Fermi energy. The current flowing from layer 1 to
layer 2 is proportional to the density of states in each layer:

I ∝ D1(EF )D2(EF )eV. (1.16)

WhereD1(EF ) is the density of states at the Fermi level in layer 1.
Because the layers are magnetic, the conservation of the spins of tunneling electrons has to be considered.
The current is the sum of the currents composed by electrons "up" and "down", according to the model
developed by Jullière [206]:

I = I↑ + I↓. (1.17)

In consequence the currents are different for the parallel and anti-parallel configurations:

IP ∝ D1,MajD2,Maj +D1,minD2,min (1.18)

and
IAP ∝ D1,MajD2,min +D1,minD2,Maj . (1.19)

WhereD1,Maj is the density of states at the Fermi level in layer 1 for the electrons which spin is parallel
to the magnetization (the majority).D1,min is the density of states for electron which spin is anti-parallel
to the magnetization (the minority). Depending on the orientation of the magnetization, the majority
of the spin are "up" or "down".
The resulting tunnel magnetoresistance ratio is:

TMR =
RAP −RP

RP
=
IAP − IP

IP
=

2P1P2

1− P1P2
. (1.20)
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Figure 1.22: Resistance of a magnetic tunnel junction in function of the applied magnetic field. The re-
sistances of the parallel (green) and anti-parallel (red) states are annotated.

Where P1 is the spin polarization of the magnetic layer 1.

Pi =
Di,↑(EF )−Di,↓(EF )

Di,↑(EF ) +Di,↓(EF )
. (1.21)

The higher the polarization, the higher the tunnel magnetoresistance ratio. The value of the polarization
depends on the materials of the magnetic layers as well as the tunnel barrier. The materials used for
the magnetic layers of magnetic tunnel junctions are typically metallic alloys such as Cobalt-Iron-Boron
(CoFeB) orNickel-Iron (NiFe). Currently, themost commonmaterial for the tunnel barrier isManganese
oxide (MgO).

For better stability, the reference layer is usuallymade not with a single magnetic layer but with a synthetic
antiferromagnet11.

Figure 1.22 plots themeasured resistance of amagnetic tunnel junction12 in function of themagnetic field
applied along the direction anti-parallel to magnetization of the fixed layer. We observe that a negative
field leads to a low resistance while a positive field leads to a high resistance. These results means that the
magnetic field can switch the magnetization of the junction from one orientation to the other depending
on its direction. The coercitive fields (i.e. fields required to switch states) are different for the P and AP

11A synthetic antiferromagnet is composed of two magnetic layers separated by a non-magnetic one. The magnetic layers
have an antiferromagnetic coupling. A typical example is CoFe/Ru/CoFe.

12The device used in this experiment is a "Type B" sample, as described in Chapter 2.
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states, which leads to a hysteresis loop13.

The magnetic tunnel junction is the flagship device of spintronics nowadays and the device used in this
thesis. It is described in length in this chapter and the following one.

1.2.4.2 Modifying the magnetic state – Spin torques

Electrical current can not only enable to read a magnetic state but also to modify it. The phenomena
where a charge current influences the magnetization of a material are called spin torques. In this thesis, the
most important spin torque is the spin transfer torque, or Slonczewski torque [207–209]. Herewe describe
how spin-transfer torque affects the dynamics of themagnetization of a nanomagnet.Moremathematical
details can be found in the pedagogical paper by Sun et al. [210] and the articles cited within it. Ralph
and Stiles provide an extensive tutorial about spin transfer torques [211]. We also briefly describe the
phenomenon of spin-orbit torque which is a recent development in spintronics and is used in Chapter 5.

Dynamics of the magnetization of a nanomagnet

Let us suppose a nanomagnet made of a thin ferromagnetic ellipse. It is mono-domain so that its magne-
tizationm can be described by one single macro-spin rather than many individual electronic spins. At
zero temperature, the dynamics of its magnetization follows the Landau-Lifshitz-Gilbert equation:

1

γ

dm

dt
= m×

(
Heff −

α

m
m×Heff

)
. (1.22)

Where γ = 2µB
} is the gyro-magnetic ratio14 andα is the damping coefficient, which depends onmaterial

parameters15.Heff is the effective magnetic field. In the case of an out-of-plane magnetization:

Heff = H + HD + Hk (1.23)

H is the external applied magnetic field.HD is the demagnetizing field. In the case of an out-of-plane
magnetization it is perpendicular to the plane of the magnet.Hk is the magneto-crystalline anisotropy.
Its presence allows the out plane magnetization.HD andHk are parallel.
In the case of an in-plane magnetization:

Heff = H + HD + Han (1.24)

In the case of an in-plane magnetization the demagnetizing fieldHD is in the plane of the magnet.Han

is the anisotropy field due to the shape of the magnet. It keeps the magnetization along the easy axis. In
the case of a thin elliptic nanomagnet the easy axis is the long axis of the ellipse. In the case of an in-plane
magnetization,Han is perpendicular toHD .

13The fact that this loop is not centered on zero field is explained in Chapter 2.
14γ ' 1.76× 1011rad.s−1.T−1.
15α is small, typically α ' 0.01.
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Figure 1.23: The magnetization of the nanomagnet (black arrow) precesses around the easy axis (grey
vertical line). The trajectory of the magnetization is represented by a dashed black circle.
The direction of the applied magnetic field (vertical blue arrow) is parallel to the easy axis.
The different torques acting on themagnetization are indicated by arrows: damping (green),
spin transfer torque (red), field-like torque (orange) and torque generated by the magnetic
field (blue).

Themagnetization precesses around the easy axis, as depicted in Figure 1.23. Themagnetization is subject
to two torques. The field torque drives the precession while the damping brings the magnetization back
to the easy axis. This corresponds to oscillations in one of the potential wells.

The disorder induced by thermal noise is small compared to the exchange energy which tends to align
the spins. In consequence thermal noise does not reduce the magnetization but rather kicks it around
randomly. Finite temperature can thus be modeled by adding a Langevin random fieldHL in Equation
1.22 [212]:

1

γ

dm

dt
= m×

(
Heff + HL −

α

m
m×Heff

)
. (1.25)

HL,i =
√

2αkBT
γm Irand,i(t) for i = x, y, z. Irand(t) is a random number with Gaussian distribution

of mean zero and standard deviation one. The three x, y, z random components are uncorrelated. The
amplitude of the field is deduced from the fluctuation-dissipation theorem.
The dynamics of the magnetization is thermally activated. The random fluctuations of thermal noise can
cause the magnetization to leave its potential well, following a Poisson process. The average time spent
by the magnetization in the well is the characteristic time of the Poisson law. This life-time inside the well
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– also called dwell-time – is [212]:

τ = τ0 exp

(
∆E

kBT

)
, (1.26)

where kB is the Boltzmann constant, T is the temperature, τ0 ' 1
γHk

is the attempt time and∆E is the
potential barrier height of the well.

Spin transfer torque

Aspin-polarizedcharge current is injected in the thin film,perpendicularly to its plane. The spin-polarization
has a value:

η =
I↑ − I↓
I↑ + I↓

(1.27)

where I↑ andI↓ are the currents in the two spin channels (parallel andanti-parallel to the spin-polarization).
The unit vector of the polarization isns.

The spin-polarization of the current is modified by the magnetization. Reciprocally, some spin angular
momentum of the current is absorbed by the magnetization. The amplitudem of the magnetization is
unchanged but its transverse component is modified. As a consequence, it is themagnetization precession
which is affected. The resulting torque has two components: the spin transfer torque which is co-linear
to the damping and the field-like torque which is co-linear to the field torque (Fig. 1.23). The field-like
torque is weaker than the spin transfer torque but still significant. In magnetic tunnel junctions it is
typically around 30% to 40% of the spin transfer torque [213, 214]. Here we focus on the dominant term,
the spin transfer torque. It can be shown that in the macrospin case, the transverse component of the
spin-torque is [207, 209]:

Γ = Iη
}
2e

1

m2
(ns ×m)×m. (1.28)

Where e is the charge of the electron and } is the Planck constant divided by 2π. This component is
proportional to the number of electrons flowing through the layer and their spin-polarization. The trans-
verse component of the spin-torque has to be added to the right member of Equation 1.25, which then
becomes:

1

γ

dm

dt
= m×

(
Heff + HL −

α

m
m× (Heff + Hs)

)
. (1.29)

Where
Hs = Iη

}
2e

1

mα
ns. (1.30)

The spin torque does not contain a fluctuating field because it is already a dissipating force itself. In the
small cone limit of an out of plane magnetization (e.g. the magnetization does not go too far away from
its easy axis),Heff andHs are approximately parallel. In consequence, Equation 1.29 is equivalent to
Equation 1.25 where the damping α is replaced by α̃:

1

γ

dm

dt
= m×

(
Heff + HL −

α̃

m
m×Heff

)
. (1.31)
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The effective damping is expressed as follows:

α̃ = α

(
1 +

Hs

Heff

)
= α

(
1 +

I

Ic

)
. (1.32)

The critical currentIc corresponds to the current required to switch themagnetization at zero temperature
[215, 216]:

Ic =
1

η

2e

}
mαHeff . (1.33)

Typically

Heff = H +HD +Hk = H +
2K

µ0Ms
+ 2πMs, (1.34)

whereK is themagneto-crystalline anisotropy constant andMs is the saturationmagnetization.Ms = m
V

where V is the volume of the nanomagnet.
In the case of an in-plane magnetization, it can be shown that the expression of the critical current is
[217]:

Ic =
1

η

e

h
mα(H + 2πMs). (1.35)

When the effective damping becomes negative, the disturbances to the magnetization equilibrium are
amplified rather than damped out. This instability leads to magnetization reversal. The spin transfer
torque is often referred to as an anti-damping. The sign of the critical current depends on the sign ofm
and thus on the orientation of the magnetization. In consequence each polarity of the current stabilizes
one orientation of the magnetization and destabilizes the other. Figure 1.24 shows the effect of current
on a magnetic tunnel junction. A negative current switches the magnetization of the free layer in the AP
state while a positive current switches it in the P state. Because the critical currents for P and AP states
are different, the curve exhibits a hysteresis loop. Critical current densities typically range from 106 to
107A/cm2 [218–220].

The thermal term HL is not modified by the current. In consequence it corresponds to an effective
temperature T̃ such that α̃T̃ = αT [210]. Therefore, the dwell-time of themagnetization in the potential
well is modified as follows by the spin transfer torque [221]:

τ = τ0 exp

(
∆E

kBT̃

)
= τ0 exp

(
∆E

kBT

α̃

α

)
(1.36)

τ = τ0 exp

(
∆E

kBT

(
1− I

Ic

))
. (1.37)

This expression is valid for a current of amplitude inferior to Ic. It will be illustrated experimentally in
Chapter 2. The value and sign of Ic depend on the orientation of themagnetization. Thus a given current
polarity will stabilize one orientation and destabilize an other. A current with an opposite polarity will
have the inverse effect.
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Figure 1.24: The resistance of a magnetic tunnel junction is plotted in function of the current injected
through the junction. The parallel (P) and anti-parallel (AP) states are indicated.

Application to multi-layer devices

The state of multi-layer magnetoresistive devices (spin valves or magnetic tunnel junctions) can be read
by an electrical resistancemeasurement. Similarly, the state of the free layer can be written by the injection
of an electrical current through the device, as described in Figure 1.25. The reference layer acts as a spin-
polarizer. The newly spin-polarized current can then modify the magnetization of the free layer through
spin transfer torque.

It is important to remark that any nanomagnetic device has an intrinsically stochastic behavior. This ran-
domness is directly due to the fluctuations of thermal noise and arises for any finite temperature, which
means in any real-world situation. Contrary to the devices studied in Section 1.2.3, stochasticity does not
come from defects. This allows us to understand better the stochastic behavior and, more importantly, to
control it. Nanomagnets naturally amplify the thermal noise into full amplitude magnetization reversals.
In the case of magnetoresistive devices, this translates into full amplitude oscillations of the resistance.
Section 1.2.4.5 presents uses of spintronic devices stochastic behavior. Chapter 2 is dedicated to the study
of magnetic tunnel junctions as stochastic devices.

Spin-Orbit torque

The spin-orbit torques refer to the ensemble of torques originating from the interaction between the spin
and the orbit of an electron. The best understood (and used in Chapter 5 of this thesis) spin-orbit torque
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Figure 1.25: Schematic of themechanismof spin transfer torque in amulti-layer device.The electrons (or-
ange) flow through the reference layer (blue) which spin-polarizes them. The electrons then
flow through the free layer (red) which modifies their spin-polarization (light blue arrow).
Reciprocally, the magnetization absorbs some spin-angular momentum (dark blue arrow).

is the spinHall effect. A current flowing along a heavymetal layer separates the electrons of opposite spins,
as illustrated in Figure 1.26 (a). This creates an accumulation of spins at each side of the layer’s surface and
thus a spin current circulates around the layer, as depicted by the dashed arrows in Figure 1.26 (a). If the
heavymetal layer is below a ferromagnetic layerwith in-planemagnetization – as shown in Figure 1.26 (b)
– the vertical component of the spin current exerts a torque on the magnetization of the ferromagnetic
layer via transfer of angular momentum. Growing amagnetic tunnel junction from free layer to reference
layer on top of a heavy metal underlayer thus allows to switch the state of the device by spin-orbit torque
[222]. Because the current is flowing along the heavy metal underlayer and not through the magnetic
tunnel junction, there is less degradation of the barrier. Furthermore it is also hoped that spin-orbit torque
will consume less energy than using spin transfer torque as the resistance of the underlayer is lower than
the one of the junction. The materials used for the underlayer are heavy metals such as Platinum. For
now this effect has been mainly observed in in-plane magnetization switching, although a lot of efforts
are directed toward using spin-orbit torque for out-of-plane magnetization switching.

1.2.4.3 Spintronic devices and their most natural applications

This section reviews the most important spintronic devices and their most natural applications: data stor-
age and computing.

Magnetic hard disk drives

Giant and Tunnel Magnetoresistances have led to drastic improvements in data storage (Fig. 1.27) [223].
Inmagnetic harddisk drives bits of information are stored in tinymagnetic volumes that can each take two
possible orientations (corresponding to "0" and "1"). The magnets conserve their magnetization without
external energy supply, thus making the memory non-volatile. A magnetic sensor (which magnetization
is fixed) is mechanically moved above the magnets and reads the value of each bit through its electrical
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Figure 1.26: (a) The spin Hall effect mechanism in a heavy metal layer. The charge current flows along
the layer (solid orange arrow). The spins "up" (red) and "down" (green) are separated, cre-
ating a spin current (dashed grey arrow). (b) System to use spin-orbit torque switching in a
magnetic tunnel junction. The junction is grown from free layer (yellow) to reference layer
(dark orange) on top of a heavy metal underlayer (light orange).

resistance . The writing operation is performed magnetically through an inductive ring. This technique
allows to pack magnetic bits extremely densely and with low economic costs (in 2015 Seagate unveiled
over 1Tb/in2 density drives). However, the read-write operations are slow (several milliseconds [223]).
For this reason, magnetic storage is confined to long termmass storage applications and is excluded from
computing purposes memories.

Domain walls based devices

If a magnetic material is composed of several regions of different magnetizations, the regions – called
domains – are separated by domain walls, as depicted in Figure 1.28 (a). A long magnetic wire could
store many bits of information (coded by the magnetization orientation) and implement a shift-register
memory [224]. Domain walls separate the bits. They can be moved by an electric current [225, 226].
This would allow to have static reading and writing heads instead of having to move themmechanically
above the bits like in a hard drive. This concept is called the racetrack memory (Fig. 1.28 (b)) [227]. Such
memories are expected to have much faster read/write operations are hard disk drives.
Domain walls based devices are not limited to memory, they can also implement logic gates. Allowood et
al., demonstrated the implementation of both the NOT and the AND gates with domain walls, which
allows to build any logic function [228].

Magnetic random access memories

The flagship device of modern spintronics – and device studied in this thesis – is the magnetic tunnel
junction. It primary use is to be a non-volatile memory as the unit cell of Magnetic Random Access
Memories (MRAMs). A junction in the parallel state codes for a "0" while a junction in the anti-parallel
state codes for a "1". The read operation is done through a measurement of the electrical resistance. The
most recent generations of MRAMs use the phenomenon of spin transfer torque to perform the write
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Figure 1.27: Schematic of a magnetic hard drive with its reading head, writing head and the stored bits
(adapted from www.cnrs.fr).

(a)  (b)  

Figure 1.28: (a) Sketch of a domain wall. From [229] (b) Principle of a racetrack memory device.
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Figure 1.29: Left: in-planemagnetic tunnel junction.Right: out-of-planemagnetic tunnel junction. Each
stack is composed of a reference layer (blue), a tunnel barrier (yellow) and a free layer (red).
The orange arrow is the reference magnetization and the black arrow is the free magnetiza-
tion.

operation through current injection (these are called STT-MRAMs).

The two important features of a magnetic tunnel junction for memory applications are its energy barrier
(i.e. the height of the potential well) and its critical current. The energy barrier has to be large to guar-
antee the stability of the stored state. The critical current has to small to limit the energetic cost of write
operations. Lowering the critical current while maintaining the energy barrier is a crucial challenge of
MRAM design and fabrication [3].

The notion of whether a magnetic tunnel junction is stable or unstable is entirely relative to the relevant
time scale. When destined to memory applications, magnetic tunnel junctions are designed so that no
junction on the memory chip will switch over 10 years. This leads to energy barriers so that ∆E

kBT
> 60

[218]. The energy barrier is proportional to the surface of the base of the junction [230]. Thus, smaller
devices are less stable (see Section 2.5).

Magnetic tunnel junctions come in two types: in-plane and out-of-plane. In-plane junctions havemagneti-
zations which are parallel to the plane of the thin films while out-of-plane junctions have magnetizations
which are perpendicular to the plane of the thin films (Fig. 1.29). Out-of-plane junctions are also called
perpendicular junctions. The advantage of perpendicular magnetic tunnel junction is that, at equal stabil-
ity, they exhibit lower critical currents [218]. The latest MRAM generations are made with out-of-plane
magnetic tunnel junctions [231]. In order to have an out-of-plane junction onemust usematerials exhibit-
ing perpendicularmagnetic anisotropy and layers thick enough for themagnetization to be perpendicular.

Magnetic tunnel junctions are attractive for the following reasons. Their physics is well understood. They
are reliable. The switching process does not damage them (contrary to filamentary memristors for in-
stance), therefore they are highly exhibit outstanding endurance [3, 4]. They are compatible with CMOS
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technology. Their read-write operations are fast (from 2 to 30 ns) [3]. Several companies, including big
players such as Samsung, manufacture MRAMs. In consequence, MRAMs have recently known impres-
sive achievements. In 2016, Everspin launched a 256 MBit chip [231] and Samsung presented a video
controller using 32MBytes ofMRAM16. MRAMs are strong candidates to replace thememory at several
levels in computers: the SRAM in the arithmetic logic unit and the DRAM in cache memory [3].

Despite these significant advances, MRAMs face one critical challenge: magnetic tunnel junctions lose
their stability when their size is decreased. While these unstable devices (superparamagnetic tunnel junc-
tions) are useless for memory applications, they are promising for unconventional computing, as will be
shown in the Chapters 3 to 5 of this thesis. More details about the physics of unstable magnetic tunnel
junctions will be given and illustrated by experiments in Chapter 2.

Spin torque nano-oscillators [232]
When the applied magnetic field is strong enough to distort the energy landscape of a magnetoresistive
device into a single well, a single stable state remains, as depicted in Figure 1.30(a). Injecting a strong
dc current into the device cannot induce magnetization reversals anymore ; instead, the magnetization
undergoes oscillations in the potential well. The orbit of the oscillations is determined by the balance
between the four torques (damping, field torque, spin transfer torque and field-like torque). The device
is a self-sustained oscillator. It emits a sinusoidal voltage signal which frequency can be tuned by the
value of the injected current. It is possible to induce oscillations in the in-plane [233] (Fig. 1.30 (b)) and
out-of-plane [234] (Fig. 1.30 (c)) geometries. According to theoretical predictions, these auto-oscillators
could run up to 70 GHz [235] but this requires specific materials and large magnetic fields which is not
very practical. Moreover, for simple device geometries and reasonable currents, the magnetization orbit it
quite small, therefore the resistance variation (i.e. the amplitude of the signal) is only a small fraction of
the magnetoresistance. One possible solution to get oscillations at zeros magnetic field and a larger signal
is to use a hybrid geometry where the stable state of the free magnetization is in-plane but its trajectory
follows an out-of-plane orbit, as illustrated in Figure 1.30 (d). Such hybrid geometries typically have an
in-plane pinned layer and an out-of-plane free layer [236–240]. Without magnetic field, the oscillators
frequencies are about a few GHz. However these oscillators are sensitive to defects and thermal noise,
which deform the trajectory of the magnetization, leading to a degradation of the linewidth (typically
about 10MHz).
Another type of spin torque oscillators has been developed:magnetic vortex oscillators. Amagnetic vortex
is a non-uniform state of themagnetizationwhere the directions of the spins are in-plane on the edges and
out-of-plane at the very core. A vortex is depicted in the inset of Figure 1.31. In order to obtain a vortex it is
required that it is more energetically favorable for the magnetization to take a vortex configuration rather
than be uniform. This condition is achieve if the device is large enough not to be a single magnetization
element and thick enough for the magnetization to be out of plane at the core of the vortex, as shown
in Figure 1.31. The vortex configuration minimizes the surface magnetic charges. In small junctions the
exchange interaction is dominant so the uniform configuration is more favorable. When spin-polarized

16At the 7th Global MRAM innovation forum in Zurich, the 29th June 2016.
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Figure 1.30: (a) Energy landscape of a spin torque nano-oscillator. The magnetization (red arrow) pre-
cesses in the single well. The red circle indicates the trajectory of the magnetization in the
well. (b) In-plane oscillator. The orange arrow is the reference magnetization and the black
arrow is the free magnetization. The grey dashed line is the axis of rotation and the grey
solid circle is the trajectory of the free magnetization. (c) Out-of-plane oscillator. (d) Hybrid
oscillator.

current is injected from a polarizerwith perpendicular [241] or vortex [242]magnetization,with the right
sign of the current, the core of the vortex performs circular oscillations around the center of free layer. In
the case of a vortex in a magnetic tunnel junction, these oscillations emit a voltage signal. The advantages
of the vortex oscillators is that they are less sensitive to defects and noise and thus exhibit a more narrow
linewidth (down to several hundreds of kHz [241]) than uniform oscillators. Furthermore they emit a
higher power (up to 3.6µW[243]). However they are limited to frequencies of several hundreds ofMHz.
These two types of nano-oscillators are promising for communications applications. In that goal, syn-
chronization of an oscillator to a periodic source as well as mutual synchronization of several oscillators
have been widely studied [244–247].

Nanomagnetic logic

The fact that a nanomagnets can encode binary information is not only useful for data storage but also
for logic applications. Several schemes implementing diverse logic functions with single magnetization
elements have been proposed. Cowburn et al. showed how to build an AND gate [249]. Figure 1.32
presents the used network. The circular nanomagnets are the bits and are coupled to each other. The
elongated nanomagnet serves as a bias value that can be "0" or "1" depending on its magnetization. An
external magnetic field is applied. The value of the first circular nanomagnet is switched to "1" if both the
bias is "1" and the magnetic field is on ("1"). This implements an AND gate. A periodic magnetic field
propagates information from bit to bit in a clock-like manner. Imre et al. showed how to build a majority
gate [250]. Karunaratne et al. moved to spin-valve structures and proposed a more complex architecture
with seven inputs [251]. Nanomagnetic logic exhibits low power and non-volatility [252]. However the
fact that spin/charge conversion is required at the extremities of the circuit limits the energy savings.
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Figure 1.31: Inset: schematic of themagnetic vortex configuration.Main: regions of stability of the possi-
ble configurations (in-plane, out-of-plane and vortex). The y-axis corresponds to the radius
R of the free-layer while the x-axis corresponds to its heightL. Both are expressed in units of
the exchange lengthLE of the material. The red region is an instability zone. Adapted from
[248]

Figure 1.32: Scanning electron microscope image of a network of nanomagnets. From [249].
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Other spintronic phenomena

Some new spintronic systems are currently being investigated. At longer term they could be used for data
storage and computing. Among them we can cite a few.

• Magnetic bubbles are circular single magnetization domains in a thin film of opposite magnetiza-
tion, as depicted in Figure 1.33 (a) [253]. The absence or presence of magnetic bubble encodes a
"0" or a "1". The "magnetic bubble memory" was proposed and realized as early as 1980 [254].

• Magnetic Skyrmions are non uniform distributions of spins in magnetic materials, as depicted in
Figure 1.33 (b) [255]. The advantage of a Skyrmionover a bubble is that it is topologically protected.
Thismeans that two skyrmionsbumping into eachotherarenotdestroyed. Furthermore skyrmions
can be much smaller than bubbles.

• Magnetic monopoles appear when nanomagnets are arranged in lattices of specific geometries
(usually referred to as artificial spin ices), such as the kagome as shown in Figure 1.33 (c) [256, 257].
They are frustrations of the magnetic state and can propagate in the lattice. The control of their
propagation is essential for monopoles to be used in applications.

• Spin waves are collective states that can be formed by the spins of individual electrons, as depicted
in Figure 1.33 (d) [258]. The quantum of spin wave is called a magnon and could be used to carry
information.

1.2.4.4 Spintronics for unconventional and bio-inspired computing

On top of being attractive for conventional computing, spintronics devices are promising candidates
for non conventional and specifically bio-inspired computing. Their fast-non linear dynamics as well as
their tunable functionalities (for instance a magnetic tunnel junction can be a non-volatile memory or an
auto-oscillator depending on its operation conditions) emulate some important functions of the brain
components. Here we present the most significant implementations of unconventional computing with
spintronic devices. In particular we show how they can emulate synapses and neurons. This section is
restrained to deterministic applications, as section 1.2.4.5 is dedicated to stochastic applications of spin-
tronics, bio-inspired or not.

Non-Boolean logic with nanomagnets

Bhanja et al. demonstrated that nanomagnets could perform non-Boolean logic and specifically opti-
mization problems, which are useful in computer vision applications for instance[260]. A network of
coupled nanomagnets relax in its lowest energy state. Energy minimization is at the core of many opti-
mization tasks. Each nanomagnet corresponds to a macro-spin which is coupled to the other macro-spins.
The Hamiltonian of the system depends on the state of all the macro-spins and the couplings between
them. A carefully chosen network of nanomagnets can thus map directly the Hamiltonian that has to
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Figure 1.33: (a) Magnetic bubble. The red region has a magnetization perpendicular to the plane of
the figure and facing the reader. The blue region’s magnetization is anti-parallel to the
red region’s. (b) Magnetic Skyrmion. (c) Rectangular nanomagnets in a kagome geometry.
Each magnetization is represented by a black arrow. The black disk indicates a magnetic
monopole. (d) Spin wave. The individual spins are represented by arrows, their orbits by
dashed circles and the resulting spin wave by a solid line. Adapted from [259].

be minimized for the problem to be solved. Using a network of nanomagnets rather than traditional
logic for this allows to directly solve the problem, no matter the size of the data to process (in contrary
to a Boolean logic scheme where the number of steps increases with the size of the problem). They used
both nanomagnets in uniform single magnetization state and nanomagnets in vortex state. They showed
that their system can perform salient edges detection in images. This demonstration is a promising first
step for unconventional computing with nanomagnets. However the system still requires pre-processing
of the image where salient edge detection is performed. Furthermore, although a reconfigurable system
is proposed as well, the experimentally demonstrated system can only be used for the detection of one
specific image.

Spintronic memristors as synapses

The spintronic memristor proposed by Lequeux et al. at the Unité Mixte CNRS/Thales is a stack of
magneticmaterials similar to amagnetic tunnel junction (Fig. 1.34 (a)) [261]. The shape of thememristor
is elongated, as shown in Figure 1.34 (b). This allows the free layer to no longer be a single magnetization
element (as it is the case for magnetic tunnel junctions) but rather to be composed of two magnetization
domains, separated by a domain wall. One domain is in the parallel state while the other is in the anti-
parallel state. The resistance of the device depends on the relative sizes of the two domains. Applying a dc
current moves the domain wall (in one direction with a positive current and the opposite with a negative
current). The resistance can be tuned continuously by the value of the current, as shown in Figure 1.34
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Figure 1.34: (a) Schematic of the spintronic memristor. "DW" is the domain wall. (b) Scanning electron
microscope image of the sample. (c) Resistance as a function of the vertically injected dc
current. (d)Micromagnetic simulations of the domainwall propagating in amagnetic track.
Each state is associated to a resistance level in panel (c). From [261].

(c) and (d). Pushing the domain wall completely to one end or the other of the device leads to the usual
fully parallel and anti-parallel states,which correspond respectively to theminimal andmaximal resistance
levels. The spintronic memristor is a non-volatile multi-level memory. This device is particularly relevant
for bio-inspired computing, as it emulates a synapse.
For now this device requires currents up to 5 mA. In order to reduce the energetic cost linked to these
high currents, the device needs to be scaled down. Furthermore, the variations of resistance between the
different levels are too low (the highest resistance is less than double the lowest) to allow this memristor
to be used in a cross-bar array like other types of memristors (such as phase-change or filamentary devices
where the highest resistance is several orders of magnitudes above the lowest). However the spintronic
memristor could be used as a synapse to couple two oscillators acting as neurons.

Spin torque nano-oscillators as neurons

Neurons exhibit an oscillatory behavior. Neuroscience research suggests that the synchronization of
networks of neurons, and specifically their phase-locking – is a key element for memory and learning
[112, 262–264]. Inspired by this, several schemes using the synchronization of networks of oscillators for
computing have been proposed [113, 114, 265–269]. Tasks such as pattern recognition and classification
are particularly targeted.

Here we present one architecture to do classification with the synchronization of coupled oscillators,
proposed by Vodenicarevic et al. at Centre de Nanosciences et Nanotechnologies in collaboration with
the Unité Mixte de Physique CNRS/Thales. This architecture was chosen because although is has not
been implemented yet, it is realistically realizable with spin torque oscillators.

The inset of Figure 1.35 (a) represent the smallest classification unit. It is composed of one input oscillator
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and two core oscillators (1 and 2). Each oscillator is coupled to the two others. The natural frequency of
each oscillator is tunable. In the case of spin torque nano oscillators, tuning of the frequency is achieved
by a simple current injection through the device. The frequencies of the two core oscillators are tuned
so that they are slightly different and sweep the natural frequency of the input oscillator. Figure 1.35 (a)
represents the frequencies of oscillators 1 and 2 versus the frequency of the input oscillator. For extreme
frequencies of the input (much smaller or much larger than frequencies 1 and 2), the core oscillators stay
at their natural frequencies, independently of the input. However when the frequency of the input is
in-between frequencies 1 and 2, the core oscillators and the input synchronize to a common frequency.
Note that this frequency is not the natural input frequency.
The read-out of the system is "are oscillators 1 and 2 synchronized?". This small network allows classifica-
tion with two classes: "oscillators 1 and 2 are synchronized" and "oscillators 1 and 2 are not synchronized".
Different ranges of input frequencies correspond to different classes. Of course this example is extremely
simple. Increasing the size of the network allows for more complex classification. For instance the net-
work described on Figure 1.35 (b) (two input oscillators and four core oscillators) exhibits 8 classes (list
of synchronized oscillators), as depicted in Figure 1.35 (c).
In order to have the network classify as needed to solve a given problem, one must chose the natural
frequencies and couplings of the oscillators. In order for the system to be adaptable to various problems,
this should be achieved through learning. Research on that topic is ongoing.

These oscillator-based computing schemes exhibit high computational power compared to their Boolean
counterparts. However, their implementations are expensive if the oscillators are numerically simulated.
Using nano oscillators that can be integrated in aCMOS circuit, be coupled to each other and synchronize,
is an attractive path. In consequence, it has been proposed to use spin torque nano oscillators as neurons
for cognitive computing tasks. Synchronization of spintronic oscillators to an external source as well as
mutual synchronization of coupled spintronic oscillators have been demonstrated and are promising
for the implementation of oscillator-based computing circuits [244–247]. Several groups are currently
investigating how to build these types of circuits [115, 117, 271].

1.2.4.5 Harnessing the stochasticity of spintronic devices for computing

As mentioned in Section 1.2.4.2, the magnetization switching process of the magnetic tunnel junction is
intrinsically stochastic because of thermal noise. None of the devices described above use this stochastic-
ity. On the contrary, it is perceived as a critical issue, leading to huge efforts in design and fabrication to
counter it. In this section, we present the strategies that reverse the problem and use noise as an asset.

Spin dice: a true random number generator

Fukushima et al. have proposed to use magnetic tunnel junctions as true random number generators17

17A random number generator which randomness comes from a physical process and not a deterministic algorithm.
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(b) (a) 

(c) 

Figure 1.35: (a) Inset: Network of three oscillators. Main: Frequency of the input and core oscillators
versus the natural frequency of the input oscillator. (From [270]). (b) Network of six os-
cillators. (From Vodenicarevic et al., in preparation). (c) Map of synchronization classes. X
axis: frequency of input A. Y axis: frequency of input B. Each color correspond to a list of
synchronized oscillators, i.e. to a class. (From Vodenicarevic et al., in preparation).
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Figure 1.36: Top: current injected through the magnetic tunnel junction versus time. Bottom: corre-
sponding evolution of the junction’s state. The junction can be P or AP, a negative pulse
resets it into the P state with 100% probability. Then a positive pulse excites it in the P or AP
state with a 50 % probability for each. Adapted from [272].

[272]. Themagnetic tunnel junction starts in the parallel state. A current pulse of amplitude I andwidth
∆t is applied to the junction. The probability for the junction to switch to the anti-parallel state is [273]:

P (I) = 1− exp

(
−∆t

τ0
exp

(
− ∆E

kBT

(
1− I

Ic

)))
. (1.38)

The current amplitude and width are chosen so that the probability is 0.5. If the junction switches, the
value encoded is "1". If it does not switch, it is "0". The junction is then reset in the parallel state by a nega-
tive current pulse and can be excited again, as shown in Figure 1.36. The system proposed by Fukushima
et al. – called Spin Dice – is composed of eight out-of-plane magnetic tunnel junctions. This allows to
represent a 8-bit random number.
Spin Dice is a true random number generator, which can be useful for applications such as cryptography
or stochastic computing. It has passed usual random numbers tests from the National Institute of Stan-
dard and Technology18. It can be scaled to larger systems composed of many magnetic tunnel junctions.
In Chapter 6 we present an alternative method to generate true random numbers with magnetic tunnel
junctions.

18See the paper [272] and the Special Publication 800 Statistical Tests Suite on the website http://csrc.nist.gov/ for more
details.
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Stochastic synapses

Vincent et al. at the Centre de Nanosciences et Nanotechnologie have proposed to leverage the stochastic
programming of magnetic tunnel junctions for bio-inspired computing [274]. The proposed system is a
neural network. The integrate and fire spiking neurons are implemented in CMOS and the synapses are
magnetic tunnel junctions. Each input neuron is connected to each output neuron through a crossbar
of synapses – as depicted in Figure 1.37 (a). Vincent et al. demonstrate that this system can perform a
classification task. The input is data from a bio-inspired artificial retina19 [275]. It is a video of a highway
with several lanes, where cars go by (some data is shown in Figure 1.37 (b)). The task is to delimit the
lanes and count the cars passing in each of them.
Each input neuron corresponds to a pixel of the input data. When there is a high value in the correspond-
ing pixel, an input neuron fires, emitting a voltage pulse to the crossbar, through the magnetic tunnel
junctions. This voltage leads to currents received by the output neurons. The output neurons integrate
these currents and each fires when it has received a certain amount of current. If the system is operat-
ing successfully, each output neuron specializes in one specific lane and fires if and only if a car passes
through it. The success of this classification tasks depends on the states of the magnetic tunnel junctions
(i.e. synaptic weights) connecting the input and output neurons.
The synaptic weights are initially random. The input neurons fire pulses accordingly to the data from the
artificial retina. First the output neuron fire randomly as the voltage they receive depends on the random
weights. Progressively the weights are adjusted by a simple learning rule. The rule is implemented only
when an output neuron fires and goes as follows:

∣∣∣∣∣∣
1. If the output spike is shortly after an input spike, the weight is incremented.

2. Otherwise the weight is decreased.

After the learning, each output neuron specializes in one specific lane, as can be observed in Figure 1.37(c).
Practically, this means that the synapses connecting the considered output neuron and the input neurons
corresponding to the pixels of the associated lane have a high conductance (low resistance). The great
advantage of this learning method it that is unsupervised. There is no need to tell the system what are
the correct answers (the different lanes in this case). This rule is a simplified version of the Spike Timing
Dependent Plasticity (STDP), a bio-inspired learning rule [276, 277].

The ability of memristors to exhibit STDP and use it for classification tasks has been shown by several
groups [278, 279]. Traditionally it requires analog or at least many-level synapses. However, it has been
demonstrated that the same results can be achieved with binary synapses which are programmed in a
stochastic way [280–282]. Indeed the requirement for analog weights is due to the fact that the weights
need to be only slightly modified by each spiking event. Otherwise the system is highly sensitive to noise

19This artificial retina an event-driven camera. This means it only records data for a pixel when its luminosity varies. The
value of the pixel is then the luminosity difference. The advantage of such a camera is its low power cost. It only consumes power
when events (luminosity changes) occur whereas a traditional camera constantly consumes power.
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Figure 1.37: (a) Input from a bio-inspired artificial retina. The dashed lines provide a guide to the eye
to delimit the highway lanes. (b) Proposed system: a crossbar of magnetic tunnel junctions.
Each line has the value of one pixel of the camera as input. Each column is linked to an out-
put neuron. (c) Resistance map for each column. The black (white) pixels correspond to
junctions in the AP (P) state. Adapted from [259] and [274].

and isolated events (for instance a single event could saturate some weights). If the increase/decrease
of the binary weights is implemented with a given probability, it is equivalent at the system level to an
increase/decrease by small steps. Using binary stochastic synapses instead of deterministic multi-level
ones enables a much simpler implementation as fabricating and controlling multi-level stable devices in a
reliable way is challenging.
Vincent et al. showed that the magnetic tunnel junction is a particularly appropriate device to emulate a
binary stochastic synapse. Indeed, the success rate of detecting cars in the right lane was above 90% for
most lanes. They also demonstrated that the system exhibits a strong robustness to device variability.

1.2.4.6 Limitations of spintronic devices compared to other technologies

Low OFF/ON ratios

The first limitation of spintronic devices is that they exhibit low read-out signals. In these devices (whether
they aremagnetic tunnel junctions, spintronicmemristors, spin torquenano-oscillators etc.), themagnetic
state can be transformed into an electrical signal and be read because of the magnetoresistance effect at
play (giant or tunnel). A common metric to quantify the read-out signal is the OFF/ON ratio, which
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correspond to the ratio between the low and high levels of the signal. Here the OFF/ON ratio is thus
equal to the ratio between the low resistance and the high resistance. Tunnel magnetoresistance ratios
are typically between 100% and 200%, which correspond to OFF/ON ratios between 2 and 3. The best
reported tunnel magnetoresistance ratios at room temperature are aroundTMR = 600% [205].More
complex stacks of materials might lead to even higher ratios. However, this remains low compared to
other memristive technologies which can exhibit OFF/ON ratios larger than 104.

The lowOFF/ON ratios of spintronics devicesmeans that their signals need to be amplified by transistors.
Architectures relying on spintronic devices might therefore require more CMOS overhead than those
relying on othermemristive technologies. For example, sense amplifiers can be used to read the state of the
device and transmit it to the rest of the circuit. In Section 2.4 of Chapter 2, an example of such amplifier
is presented.

High write currents

A second limitation of spintronics devices is that their programming requires high currents compared to
CMOS devices. Applications usually require stable junctions with energy barriers so that∆E > 60kBT .
Figure 1.38 represents the thermal stability ratio∆ = ∆E/kBT (panel (a)) and the critical current (panel
(b)) in function of the diameter of the junction. We observe that the high energy barrier requirement
prevents the reduction of the critical current and thus of the energy consumption.
As mentioned earlier in this Chapter, large academic and industrial efforts are targeting how to solve this
issue. The current record of lowest write energy is held by the IBM-SamsungMRAM alliance. Nowak
et al. demonstrated a write error rate of 10−6 with a 7.5µA current on an individual 11 nm diameter
junction [283]. This corresponds to a write energy of 100fJ. This result is very promising for future
developments. However, this write energy is still large compared to the write energy of CMOS devices
(for instance the write energy of a SRAM cell which is below the fJ), but highly relevant for applications.
This device exhibits a tunnelmagnetoresistance ratio of only about 50%. Furthermore, its energy barrier is
below 35kBT , which is encouraging but still far from the 60kBT required for large scale systems. These
results illustrate the difficulty of reducing the energy consumption while maintaining the stability of the
devices.

In this thesis, we target devices which are unstable: the superparamagnetic tunnel junctions. In conse-
quence there is no high energy barrier constraint and the critical current can be drastically reduced.

Conclusion

Randomness is a crucial issue faced by all components used for computing when scaled down to the
nanoscale, whether they are CMOS transistors or emerging technologies such as molecular, memristive
or spintronic devices. Nevertheless, randomness can be useful in many physical phenomena which are
relevant for computing applications. Specifically we have targeted and presented noise-induced synchro-
nization and stochastic computing. We showed that these schemes need a stochastic building block to
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(b) 

Figure 1.38: From [230]. (a) Critical current of a magnetic tunnel junction (b) Ratio of thermal stability
factor ∆ = ∆E/kBT over the critical current as a function of the diameter. All symbols
correspond to experimental data measured by Sato et al. Pink diamonds correspond to data
previously published in [284]. Solid lines correspond to analytical calculations.
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fulfill their potential. We have described various computing components exhibiting stochastic behavior
and the strategies employed to harness this randomness.

We have focused on spintronics, which is a promising field for novel forms of computing and memory.
Even though spintronics suffers from some limitations (low read-out signals and high programming cur-
rents), its flagship device – the magnetic tunnel junction – is an appropriate stochastic building block.
Indeed, this device fulfill the requirements we had identified in the conclusion of Section 1.1:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. It exhibits a non-linear dynamics which has been intensively studied experimentally and theoreti-
cally for several decades. The dynamics can be manipulated by an electrical current.

2. The state changes correspond to magnetization reversals, which do not damage the device. In
consequence magnetic tunnel junction could exhibit unlimited endurance [3].

3. The resistance of each state is constant in time and does not drift.

4. Its stochasticity is well understood and modeled. It comes from thermal noise and not defects.
Therefore it can be controlled.

5. Its state can be read by a simple electrical measurement.

6. It is compatible with CMOS technology.

We have described systems which harness the stochasticity of magnetic tunnel junction. However, they
only use the fact that the programming is stochastic and still require stable junctions. Embracing the
instability of magnetic tunnel junctions would allow down scaling them to extreme dimensions and
obtaining low programming currents. In consequence, in this thesis, we investigate for the first time how
to use a stochastic magnetic tunnel junction, which unstable magnetization oscillates randomly due to
the fluctuations of thermal noise.

Furthermore, using a spintronic devices has other advantages:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. Spintronics has proven its potential for applications,withmagnetic hard disk drives being themain
mass data storage.Magnetic tunnel tunnel junctions are amature technology,alreadymanufactured
industrially and commercialized as the unit cell of MRAMs.

2. As shown in section 1.2.4, spintronics is a rich field encompassing a wide variety of devices with
various functionalities. The same stack of thin layers can be a memory, a memristor, an uniform
oscillator or a vortex oscillatordepending on its geometry and size. Usingmagnetic tunnel junctions
as stochastic building block ensures an easy compatibility with a broad ranges of other devices. An
illustration of this will be seen in Chapter 5 where spintronics neurons and synapses are made of
the same stack.

In Chapter 2 we present in details the physics of the magnetic tunnel junction in its stochastic regime. It
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is then called a superparamagnetic tunnel junction.
In Chapter 3 and 4 we study the noise-induced synchronization of a single then two coupled superpara-
magnetic tunnel junctions. These results are useful for the implementation of computing schemes based
on the synchronization of oscillators. Here the superparamagnetic tunnel junction is analogous to an
oscillating neuron.
Chapter 5 explores the potential of superparamagnetic tunnel junctions as Poisson neurons to be inte-
grated in neural networks for cognitive tasks such as learning.



66 CHAPTER 1: COMPUTINGWITHNOISE AND STOCHASTIC COMPONENTS



Chapter 2

The superparamagnetic tunnel junction: a
noise-powered stochastic oscillator

T
he second Chapter of this thesis presents the physics of the device: the superpara-

magnetic tunnel junction. In this study, we use experiments to confirm the existing theory

as well as to complete it. In particular we investigate the handles to control a superpara-

magnetic tunnel junction: a magnetic field, a current or a voltage. We present an original

study of the e�ect of electrical noise on a superparamagnetic tunnel junction. We leverage

these results to develop a model of the superparamagnetic tunnel junction and show how to

use it in numerical simulations. This model can be adapted to various programming lan-

guages, including MATLAB and VerilogA. Furthermore, we show how to simulate hybrid

CMOS-superparamagnetic tunnel junction circuits, with the Cadence platform which is used

in the microelectronics industry. Finally, we present a simple model of how the parameters

of a superparamagnetic tunnel junction scale when its diameter is reduced. All these results

demonstrate that, although its behavior is intrinsically random, the superparamagnetic tun-

nel junction is a well understood, well controlled and well modeled device. It is a promising

building block for computing applications.
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This Chapter presents the system which is the focus of this thesis, the superparamagnetic tun-
nel junction,which is treated as a bistable stochastic device. The goals of this chapter are to present:

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

1. The superparamagnetic tunnel junction as a stochastic oscillator.

2. The handles that are available to control this oscillator.

3. The theoretical model we developed and its validation by comparison to experiments.

4. How superparamagnetic tunnel junctions can be integrated in CMOS circuits

5. How superparamagnetic tunnel junctions scale.

We start by presenting the devices used in this thesis and introducing the general theory of superparamag-
netic tunnel junctions. Then we show how we conducted experiments to present the handles to control
the junctions. These experiments enable us to confirm and detail some aspects of the theory as well as
develop new ones. Specifically wemodel the influence of the electrical noise on superparamagnetic tunnel
junctions.

2.1 Experimental methods

2.1.1 Devices used in the experiments

The magnetic tunnel junctions used in the experiments of this thesis were fabricated by the team of S.
Yuasa at the National Institute of Advanced Industrial Science and Technology (AIST), in Tsukuba,
Japan. Two different batches of devices were used in the experiments presented here. We refer to them
as Type A junctions and Type B junctions. All samples have an in-plane magnetization. They have been
grownby sputtering, then annealed beforemicrofabrication at 300°Cunder amagnetic field of 1Tesla for 1
hour. Patterningwas performedby e-beam lithography, resulting in nanopillars, as shown in Figure 2.1 (a).

Type A samples are composed of the following stack, depicted in Figure 2.1 (b):
substrate SiO2 / bu�er layer 35 nm / PtMn 15 nm / CoFe 2.5 nm / Ru 0.85 nm / CoFeB 3.0 nm / MgO

tunnel barrier 1.1 nm / CoFeTiB 2 nm / Ta 7 nm / Ru 8 nm / Cr 5 nm / Au electrode 200 nm

The synthetic antiferromagnet is the CoFe/Ru/CoFeB tri-layer and the free layer is CoFeTiB. Type A
samples are elliptic pillars with a 60× 180 nm2 cross-section.

Type B samples are composed of the following stack:
substrate SiO2 / bu�er layer 35 nm / IrMn 7 nm / CoFe 2.5 nm / Ru 0.85 nm / CoFeB 2.4 nm / MgO

tunnel barrier 1.0 nm / CoFeB 1.7 nm / Ta 7 nm / Ru 8 nm / Cr 5 nm / Au electrode 200 nm

The synthetic antiferromagnet is the CoFe/Ru/CoFeB tri-layer and the free layer is CoFeB. Type B sam-
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(b) (a) 

Figure 2.1: (a) TEM image of a magnetic tunnel junction. (b) Material stack of thin films corresponding
to the typeA samples. The reference layer is constituted by a synthetic antiferromagnet (SAF).

ples are elliptic pillars with a 60× 120 nm2 cross-section.
The variability between nominally identical samples is very important. In consequence we were not able
to observe significant differences between the type A and type B samples.

Origin of the superparamagnetism in the samples

We characterized over a hundred samples from different batches and observed that only a fraction of these
samples were superparamagnetic. More precisely, the junctions exhibited extremely different stability
levels, with mean dwell times ranging from at least several minutes (i.e. no reversal observed during the
courses of the experiment) to tens ofmicroseconds. Two samples next to each other in the chip could have
frequencies differing by several orders of magnitude. Furthermore, the samples were large: ellipses with
semi-axis from 50 nm to 150 nm. At these sizes, within the macrospin model, the junctions are expected
to be stable and not superparamagnetic. These observations lead us to think that our samples do not
undergo macrospin reversals. Instead, a smaller sub-volume of the free layer switches and then drags the
rest of the layer along. In some samples, more than two resistance levels were observed. These multi-state
devices can be interpreted as follows: sometimes only a fraction of the free layer is reversed, which leads
to an intermediary resistance.
However:

1. The macrospin model can still be used to describe the dynamics of our samples. Indeed we are
interested in the dwell times and their statistics rather than the precise dynamics of the switching
itself. The only required adjustment to be made is that the energy barrier correspond to the sub-
volume and not the entire free layer. In consequence we do not compute the value of an energy
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Figure 2.2: (a) Schematic of a magnetic tunnel junction. (b) Schematic of the energy landscape of a mag-
netic tunnel junction with the magnetization configurations corresponding to each of the
wells.

barrier frommaterial and shapeparameters,but rather extract it fromexperimental characterization.
Aswill be seen all along this thesis, themacrospin-basedmodels we developmatch the experimental
data very well.

2. The junctions considered in the purely theoretical parts of this thesis, as well as the ones we rec-
ommend using for applications based on this thesis, are small enough to be fully described by the
macrospin model (diameters from few nm to few tens of nm).

2.1.2 Measurements and data analysis

The samples are measured in a probe station equipped with electromagnets. Dc current is injected by
a Keithley current source. A large 4.7 kΩ resistance is connected in series to the superparamagnetic
tunnel junction in order to protect it. The resistance of the junction is measured through time with an
oscilloscope and converted into a binary signal (Anti-parallel or Parallel state) by a threshold operation.
All measurements aiming at statistical results are conducted so that to collect at least a hundred reversal
events.

2.2 Presentation of the superparamagnetic tunnel junction

2.2.1 Stochastic behavior of the magnetic tunnel junction

The two stable states P and AP are separated by an energy barrier ∆E, as depicted in Figure 2.2 (b).
Because the magnetization of the free layer behaves as a macro-spin, the thermal noise can induce full
amplitude reversals, as described by the Neel-Brownmodel [212]. Figure 2.3 (a) presents the evolution
with time of the resistance of a superparamagnetic tunnel junction (type A sample). We observe switches
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of the resistance between the AP and P state, with random intervals. We expect these switches to be
probabilistic and driven by a Poisson process which escape rates follow the Arrhenius equations:

φAP = φP = φ0 exp

(
− ∆E

kBT

)
(2.1)

Here φAP (φP ) is the escape rate from the AP (P) state. φ0 = 1
τ0

= 10−9s is the invert of the attempt
time τ0, kB is the Boltzmann constant and T is the temperature. This model does not take into account
the dynamics of the magnetization inside each energy well (intra-well dynamics) and hence does not take
switching duration into account. Therefore, Equation 2.1 is valid if the time intervals between reversals
are large compared to the time scale of the intra-well dynamics which have a time constant in the order
of nanoseconds [285].

The time intervals between reversals are called dwell-times. Figure 2.3 (b) presents histograms ofmeasured
dwell times. Both for the AP and P states we observe the exponential decrease of the dwell-time counts,
which is characteristic of a Poisson process. For each state, the mean dwell time is the invert of the escape
rate so we expect:

〈τAP 〉 = 〈τP 〉 = τ0 exp

(
∆E

kBT

)
. (2.2)

The probability for the junction to leave a state after a time interval t follows the Kramer’s transition rate
theory [36]:

PP/AP = 1− exp(−t φP/AP ). (2.3)

As mentioned previously, any magnetic tunnel junction has an intrinsically stochastic behavior. The
notion of whether a magnetic tunnel junction is superparamagnetic or not is entirely relative to the
relevant time scale.While devices destined tomemory applications have energy barriers so that ∆E

kBT
> 60,

we have used sampled so that ∆E
kBT

< 24 at room temperature. This means they switch several times
per minute (as observed in Figure 2.3(a)). For applications purposes it is favorable to have much more
frequent reversals and thus much lower energy barriers. In consequence in our theoretical work we have
used junctions so that ∆E

kBT
< 10 at room temperature1. The energy barrier is proportional to the surface

of the base of the junction. Thus, smaller devices are less stable (see Section 2.5).

2.2.2 A stochastic bistable oscillator

When a junction is unstable over the relevant time scale, it should then not be considered as a bistable
memory but as a stochastic oscillator, as observed in Figure 2.3 (a).

1Note that the energy barrier here is of the sub-volume which starts the reversal and not the whole free layer.
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Figure 2.3: (a)Measurement at 100µA of the resistance versus time of a superparamagnetic tunnel junc-
tion (type A sample). (b) Histograms of the dwell times in the parallel and anti-parallel states
and corresponding mean dwell times. The difference between the mean dwell times is due to
the disturbance of the measurement current.
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Frequency and phase of the oscillator

Although such a system is different from a periodic oscillator, standard features of oscillators can be
defined in the stochastic case as well. The frequency of the stochastic oscillator corresponds to the mean
number of oscillations per second (i.e. half the number of reversals) and can be computed as follows:

F =
1

〈τAP 〉+ 〈τP 〉
. (2.4)

We thus expect the frequency to be dependent on the energy barrier versus temperature ratio:

F =
1

2τ0 exp
(

∆E
kBT

) . (2.5)

The phase of the stochastic oscillator increases by π at every reversal. There are many ways to define the
phase between the reversals [286]. In this work we chose to reconstruct the phase as piece-wise linear (i.e.
the phase is linear between each reversal).

Free oscillations

The presence of thermal noise is sufficient to induce reversals of themagnetization. Therefore, the stochas-
tic oscillator functions without any external supply of energy. These "free oscillations" make superparam-
agnetic tunnel junction promising candidates for low power applications.

Ratio of time spent in the AP state

An important feature of the superparamagnetic tunnel junction is the proportion of time it spends in
each state. If the junction is used as a random bitstream generator, this proportion will correspond to the
probability of the bitstream (proportion of "1"s versus "0"s). It is defined as follows:

Ratio =
< τAP >

< τAP > + < τP >
. (2.6)

The average resistance of the junction can be expressed in function of the ratio:

〈R〉 = RP +Ratio (RAP −RP ). (2.7)

2.2.3 Handles to control the superparamagnetic tunnel junction

At room temperature, several handles enable us to influence the escape rates of the Poisson process and
thus control the superparamagnetic tunnel junction: a magnetic field, a voltage or current and electrical
noise. We study these handles through experiments conducted on the devices presented above.

2.2.3.1 Magnetic field

We apply a variable magnetic field along the easy axis of a stable magnetic tunnel junction (type B sample).
Figure 2.4 (a) represents the resistance of the junction as a function of the magnetic field. The magnetiza-
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tion tends to align with the field, so for a strong positive field the state is AP and for a strong negative field
the state is P. However the fields required to switch from P to AP and AP to P are different, which leads
to a hysteresis behavior. Figure 2.4 (b) presents the same experiment with a superparamagnetic tunnel
junction (type B sample).We observe that the hysteresis loophas disappeared. Although the resistance can
only take two values (RP andRAP ), the average of the resistance over time varies continuously between
these two extreme values. The absence of hysteresis and the presence of intermediate resistance levels are
characteristic of superparamagnetic tunnel junctions.

We observe that neither the hysteresis loop of the stable junction or the switching zone of the super-
paramagnetic tunnel junction are centered on zero-field. This shift is due to the fact that the synthetic
antiferromagnet which constitutes the reference layer is in practice not perfectly balanced and thus cre-
ates a residual stray fieldH0. In order to have a zero effective field, we apply a correcting fieldH0 to the
junctions during the experiments.

The effect of the magnetic field translates into a deformation of the energy double-well and thus a modu-
lation of the mean dwell times of the Poisson process [221]:

〈τAP/P 〉 = τ0 exp

(
∆E

kBT

(
1∓ H

Hk

)n)
, (2.8)

whereH is the component of the field along the easy axis of the junction,Hk is the coercitive field of the
junction and n is a real number exponent. There has been a debate regarding the value of n [287–289].
The final output is that the n varies with the angle between the applied field and the easy axis of the
junction. While it is closer to n = 3

2 for most angles, it is appropriate to use n = 2 in the case of a field
parallel to the easy axis. We use n = 2 in the rest of this work.

Taking into account the stray field from the synthetic antiferromagnet, the expression of the dwell times
is:

< τAP/P >= τ0 exp

(
∆E

kBT

(
1∓ H −H0

Hk

)n)
. (2.9)

2.2.3.2 Spin transfer torque

A current flow through the junction can switch the magnetization of the free layer through the phe-
nomenon of spin transfer torque (STT) [207, 209, 221, 290]. While a strong current will fully reverse
the magnetization (which is how the write operation is conducted in STT-MRAMs), a weak current will
result in a finite probability for the magnetization to switch.

Under zero effective field, we inject a varying dc-current in a superparamagnetic tunnel junction (type B
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Figure 2.4: Measurement at100µAof the resistance versus appliedmagnetic field (a) of a stablemagnetic
tunnel junction and (b) of a superparamagnetic tunnel junction.

sample) and measure the mean dwell times of the AP and P states. Figure 2.5 (a) presents the mean dwell
times of the states AP (blue) and P (green) as functions of the current Idc . Here we used the convention
in which a positive current flows from the free to the pinned layer. We observe that when the current
increases, the mean dwell time in the AP state increases while the mean dwell time in the P state decreases.
This observation means that a positive current destabilizes the P state in favor of the AP state while a
negative current destabilizes the AP state in favor of the P state.

Precisely, the current influences the escape rates of the Poisson process [11]:

< τAP/P >= τ0 exp

(
∆E

kBT

(
1± Idc

IcAP/P

))
. (2.10)

Where IcAP (IcP ) is the critical current atT = 0K – i.e. the required current to deterministically switch
the magnetization from AP to P (P to AP).

However, in magnetic tunnel junctions (contrary to spin-valves) the switching characteristics depend
on the voltage across the device [291]. Figure 2.5 (b) presents the same data as in Figure 2.5 (a) but in
function of voltage. The logarithm of the mean dwell time of the AP (P) state is plotted as a function of
VAP = Idc × RAP (VP = Idc × RP ). We observe that both curves are linear with slopes of opposed
signs and similar amplitudes.

These observations confirm that – under zero effective field – Equation 2.10 can be rewritten as follows:

〈τAP/P 〉 = τ0exp

(
∆E

kBT

(
1± V

VcAP/P

))
, (2.11)

whereV is the voltage across the junction (defined positive from the pinned to the free layer) andVcAP =

RAP × IcAP (VcP = RP × IcP ) is the critical voltage of the state AP (P).

Sun and Ralph have calculated that the critical voltage is approximately independent on the state of the
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Figure 2.5: Experimental results and analytical model. Logarithm of the mean dwell times spent in the
state AP (blue) and P (green) versus (a) the current through the junction (b) the voltage ap-
plied across the junction. Symbols represent the experiments while solid lines represent the
analytical model with parameters∆E/kBT = 18 and Vc = 157mV. (Type B sample)

junction [291]. Indeed, we observed experimentally that VcAP ' VcP . Therefore we used VcAP =

VcP = Vc in all theoretical work.

Through spin transfer torque, the frequency as well as the ratio of the oscillator can be tuned by applying
a voltage. Figure 2.6 (a) represents the frequency as a function of the voltageVdc2. We observe a bell-shape
curve, which is consistent with the expected expression of the frequency:

F =
F0

cosh
(

∆E
kBT

V
Vc

) . (2.12)

The fact that superparamagnetic tunnel junctions have a voltage-dependent frequency is crucial for the
analogy with sensory neurons, as will be detailed in Chapter 5.
Figure 2.6 (b) represents the ratio of time spent in the AP state as a function of the voltage Vdc. Here
again the experimental observations are consistent with the expected expression:

Ratio =
1

1 + exp
(

2 ∆E
kBT

V
Vc

) . (2.13)

When a both voltage and a magnetic field are applied to the junction, the mean dwell times are given by
the general expression:

2In both Figures 2.6 (a) and (b), Vdc is defined as the arithmetic average between the voltages in the AP and P states.
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Figure 2.6: Experimental results and analytical model. (a) Frequency of the oscillator versus the applied
voltage. (b) Ratio of time spent in the AP state versus the applied voltage. Symbols represent
the experimentswhile solid lines represent the analyticalmodelwithparameters∆E/kBT =
18 and Vc = 157mV. (Type B sample)

< τAP/P >= τ0exp

(
∆E

kBT

(
1± V

Vc

)(
1± H −H0

Hk

)2
)
. (2.14)

2.2.3.3 Field-like torque

In addition to the spin transfer torque, a voltage across the junction will influence the dwell times in a
field-like way [11]:

〈τAP/P 〉 = τ0exp

(
∆E

kBT

(
1± V

Vc

)(
1∓ AV +BV 2 +H −H0

Hk

)2
)
, (2.15)

whereA andB are the field-like torque linear and quadratic coefficients, which depend on the materials
and size of the junction. The effect of the field-like torque is weaker than the spin transfer torque (typically
about 30% to 40% [214]). In the type of junctions we measured, it the field-like torque is mainly linear
with voltage and thus cannot easily be distinguished from spin transfer torque [214]. In consequence, in
this thesis, we only model spin transfer torque.

2.2.4 Effect of electrical noise

Thermal noise induces switches of the magnetization and thus raises the frequency of the stochastic
oscillator. Through spin transfer torque, electrical noise can have a similar effect. In order to study the
influence of electrical noise, we conducted experiments and developed a model.
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If a white Gaussian noiseN(t)with standard deviation σNoise and cutoff frequencyFNoise is applied to
a superparamagnetic tunnel junction, the escape rates φP andφAP are time dependent random variables:

φAP/P (t) = φ0 exp

(
− ∆E

kBT

(
1± V +N(t)

Vc

))
(2.16)

We computed (see Appendix A for the demonstration) that the probabilities to switch states during a
time interval t need to be averaged over all possible values ofN :

〈PAP/P (t)〉 = 1−

(∫ +∞

−∞

(
1− exp

(
−δtφ0 exp

(
− ∆E

kBT

(
1± V +N

V c

))))
ψ(N)dN

) t
δt

,

(2.17)

where δt = 1/FNoise is the smallest time scale of the electrical noise andψ(N) is a Gaussian distribution
with standard deviation σnoise.

Although accurate, this expression is not very convenient to use for further analytical computations, and
does not provide a qualitative understanding of the effect of electrical noise. In consequence, we per-
formed the following experiment: we apply a Idc = 400µA dc current and a white Gaussian noise
voltage of cutoff frequency FNoise = 40MHz to a superparamagnetic tunnel junction (type A sample).
The electrical noise is generated by the Agilent 81150A Pulse Function Arbitrary Noise Generator

3. The
Gaussian distribution of the noise is cut at 5× σNoise.

Figure 2.7 represents the logarithm of the mean dwell times of the AP (a) and P (b) states as functions
of the amplitude (standard deviation of the Gaussian distribution) of the noise. We observe that the
logarithm of the mean dwell times exhibit a quadratic dependence on the noise amplitude.

We computed the following approximation, valid when the noise level σnoise is low enough:

〈PAP/P (t)〉 = 1− exp(−t < φAP/P >) (2.18)

with

< φAP/P (t) >= φ0 exp

(
− ∆E

kBT

(
1± V

Vc

))
exp

(
1

2

(
∆E

kBT

σNoise
Vc

)2
)
. (2.19)

This low noise approximation matches our experimental observations, the logarithm of the dwell times
are of the shape4:

log(〈φAP/P (t)〉) = a+ b× σ2
Noise. (2.20)

3The noise is pre-recorded and has a signal repetition period of 26 days, which is more than enough considering the time
scale of our experiments does not exceed the hour.

4Where a = log
(
φ0 exp

(
− ∆E
kBT

(
1± V

Vc

)))
and b = 1

2

(
∆E
kBT

1
Vc

)2

.
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These results allow us to understand better the effect of electrical noise and how it compares to the effect
of thermal noise. Electrical noise lowers themean dwell times and thus raises the frequency of the junction.
In that sense electrical noise and thermal noise have similar effects. Indeed it will be seen in Chapter 3 that
both electrical and thermal noise can induce synchronization of a junction to a periodic drive and have
qualitatively the same effect.

The frequency taking into account electrical noise is expressed as follows;

F (σNoise) = F (σNoise = 0)× exp

(
1

2

(
∆E

kBT

σNoise
Vc

)2
)
. (2.21)

WhereF (σNoise = 0) is the frequency when no electrical noise is applied, as expressed in Equation 2.12.

However there are two important differences between electrical and thermal noise:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. Electrical noise equally affects the AP and P states. The proportion of time spent in the AP state is
thus independent of the electrical noise, whereas it is dependent on the thermal noise.

Ratio =
1

1 + exp
(

2 ∆E
kBT

V
Vc

) . (2.22)

2. When electrical noise is applied, the escape rates of the Poisson process are random variable them-
selves, driven by the random fluctuations of the applied voltageN . On the contrary, when only
thermal noise is present, the escape rates are constant. All our analytical derivations deal with av-
erages over the possible values of the instantaneous applied voltageN . However, one must not
forget that these are averages and that the instantaneous values of the escape rates can vary strongly.
This difference can lead to strong qualitative variations of noise-induced phenomena, as described
in Chapter 4.

2.3 Numerical model and simulations

We developed a model describing the behavior of the superparamagnetic tunnel junction and aimed at
performing numerical simulations. Here we present this model and confront it to experimental results.

In order to perform fast simulations, this model is not based on the full magnetic Landau-Lifshitz-Gilbert
equation but on theNéel-Brownmodel presented in section 2.2. At each time step the program computes
themean dwell-times 〈τAP 〉 and 〈τP 〉 and the corresponding probability to switch from the current state
to the other, according to equations (2.3) and (2.14). A random number is generated to take the decision
whether to switch or not. The model is valid if the dwell-times are large compared to a nanosecond [285].
In order to have time efficient simulations and not lose the advantage of the model, it is important that
the time step is not too small. On the other hand, to accurately reproduce the Néel-Brown model, the
time step must be small compared to the dwell times. The model allows the user to set all the parameters
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Figure 2.7: Experimental results and analytical model. Logarithm of the mean dwell times versus the
square of the standard deviation σNoise of the white Gaussian noise across the junction. The
noise has a cutoff frequencyFNoise = 40MHz. (a) Anti-parallel state. (b) Parallel state. Sym-
bols: measurements with a Idc = 400µA current. Line: linear fit. (Type A sample)

present in equation (2.14), as well as the resistances of the parallel and anti-parallel states. This model can
be adapted to various programming languages.

It is important to have models of superparamagnetic tunnel junctions that are compatible with the tools
usedbybothacademic and industrial researchers to design integrated circuits includingCMOS technology.
In consequence, we have adapted our model into a compact model written in theVerilogA language, that
can be used within standard design tools, such as the Cadence Spectre simulator.

In this work we used two numerical simulators:MATLAB and Cadence Spectre.

Confrontation to experimental data

WetestourVerilogAmodelby comparing itwith the experimental characterizationof a superparamagnetic
tunnel junction (type A sample). Simulation are made on the Cadence Spectre platform. We use the
VerilogA command boundstep which allows to set a variable upper limit on the time step. A satisfying
compromise is to compute boundstep as a hundredth of the current mean dwell time at each step.In this
sample, RP ' 130 Ω and RAP ' 165 Ω. The measurements are conducted at room temperature.
Fig. 2.8 (a) represents the mean dwell times for the parallel and anti-parallel states as functions of the
injected DC current, for various external magnetic fields, at room temperature. Fig. 2.8 (b) illustrates the
magnetic field dependency of the superparamagnetic tunnel junction. The injected current for which
the probability to be in each sate AP or P is 50% (〈τAP 〉 = 〈τP 〉) is plotted as a function the applied
magnetic field. For both cases, we observe that the simulations results (solid line) match the experimental
results (symbols). Three parameters are extracted from the experimental data then finely tuned to obtain
this match: ∆E/kBT = 11.3, Vc = 0.18 V andHk = 57 Oe. Fig. 2.8 (b) enables us to extract the
valueH0 = 7.8 Oe. These results suggest the validity of theNéel-Brownmodel with spin transfer torque
to describe superparamagnetic tunnel junctions as well as its implementation in our model.



2.4 CMOS INTEGRATIONWITHCADENCE 81

- 1 5 0 - 1 0 0 - 5 0 0 5 0 1 0 01 0 - 5

1 0 - 4

1 0 - 3

0 2 4 6 8 1 0 1 2 1 4 1 6
- 0 . 3
- 0 . 2
- 0 . 1
0 . 0
0 . 1
0 . 2

( b ) 

 

 < τA P >  ( s )
 < τP >  ( s )

Me
an

 dw
ell-

tim
es

 (s
)

A p p l i e d  c u r r e n t  ( µA )

H  =  7 . 5  O e
H  =  8 . 4  O e
H  =  9 . 1  O e

 

 

50
% 

rat
io 

cu
rre

nt 
(m

A)

A p p l i e d  m a g n e t i c  f i e l d  ( O e )

H 0

( a )

Figure 2.8: Experiments. (a)Mean dwell times for the anti-parallel (up triangle) and parallel (down trian-
gle) states as functions of the applied current for various applied magnetic fields. (b) Current
for which 〈τAP 〉 = 〈τP 〉 as a function of the applied magnetic field.H0 is the necessary field
to compensate the residual field of the reference layer. For both graphs experimentalmeasure-
ments (symbol) are compared with simulations based on the compact model (lines).

This compact model made the object of a publication in the journal IEEE Transactions in Magnetism

[104].

2.4 CMOS integration with Cadence

We illustrate how a superparamagnetic tunnel junction can be integrated into a CMOS circuit and how
Cadence Spectre can simulate such a circuit. Here we show the example of a Pre-Charge Sense Amplifier,
which is a circuit specifically designed to read the state of magnetic tunnel junctions. Details about this
circuit can be found in [292].
Figure 2.9 depicts the circuit as designed in the Cadence graphic interface. This circuit compares the re-
sistances of two resistors: a reference resistor (on the left) and a magnetic tunnel junction (on the right,
circled in black). The value of the reference resistor (Rref = 300Ω) is in-between the two resistances of
themagnetic tunnel junction (RP = 200Ω andRAP = 400Ω). The output of the circuit is "Q" (circled
in green). If the junction is in the AP state, thenR > Rref andQ = 1. If the junction is in the P state,
thenR > Rref andQ = 0. To read the state one has to apply "0" to the read function "Sense" (circled
in red). When "1" is applied to "Sense", then Q keeps its current state.

Figure 2.10 presents the results of simulations of the circuit with the Cadence Spectre platform. The read
function (red), resistance (black) and output (green) are plotted versus time. Every 10µs the value of the
resistance is sampled: "0" is applied to "Sense". The output "Q" reflects the state of the junction. Let us
use three sampling times as examples:

• Before t1 the output wasQ = 1. At t1 the state is read.R = 200Ω = RP so the output drops to
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Figure 2.9: Schematics of a Pre-Charge Sense Amplifier circuit, as designed with the Cadence graphic
interface. The read function "Sense" is circled in red, the output "Q" in green and the super-
paramagnetic tunnel junction in black.
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Q = 0.

• The output stays Q = 0 until t2 when the state is sampled again. R = 400Ω = RAP so the
output raises toQ = 1.

• Before t3 the output was Q = 0. At t3 the state is sampled. R = 200Ω = RP . the output
undergoes a rapid transient state then settles toQ = 0 again.

Cadence allows to design complex circuits (through the graphic interface or through scripts). The mod-
els of electronics components (and specifically transistors) that are used match the real-life behavior of
industrial devices. It is thus a powerful tool to investigate hybrid emerging technologies / CMOS circuits.

2.5 Scaling and perspectives

Fabricating magnetic tunnel junctions is the target of intense efforts, both from academic and industrial
actors. For now there has been very little interest in the fabrication of superparamagnetic tunnel junc-
tions and the focus of researchers has on the contrary been to build junctions with a large energy barrier.
Suppressing the large energy barrier constraint will allow having junctions with a small size and a low
critical current. In consequence we are optimistic that the design and manufacture of superparamagnetic
tunnel junctions is feasible.

In the theoretical parts of this thesis we use a simple model for the dependence of the junctions’ energy
barrier and critical current/voltage with their size. This model and the parameters it employs are inspired
from the work by Sato et al. [230]. While the junctions used in the experiments are large and switch
through a sub-volume, the junctions considered for the theoretical parts are small enough to switch
according to themacrospinmodel. Sato et al. showed that junctions with diameters under 30 nanometers
are macrospin.
Both the energy barrier and the critical current are proportional to the volume of the free layer and thus
have a quadratic dependence on the diameter:

∆E(d) = ∆E0
d2

d2
0

. (2.23)

Where∆E0 ' 10kBT for d0 = 10nm.

Ic(d) = Ic0
d2

d2
0

. (2.24)

Where Ic0 ' 10µA. This model is based on the single magnetization domain assumption and is valid if
the diameter of the junction is smaller than 30 nm.
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Figure 2.10: Cadence Spectre simulations of the Pre-Charge Sense Amplifier circuit. The read function
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The critical voltage is expressed as follows:

Vc(d) = Ic(d)×R(d). (2.25)

The resistance is itself dependent on the size of the junction:

R(d) =
RA

π d2

4

. (2.26)

Where RA is the resistance × area product and ranges from 1 to 20 Ω × cm2 depending on the used
materials. In consequence the critical voltage is constant when the size of the junction is decreased.

Sato et al. showed a very good agreement between this model and the experimental data obtained from
the characterization of out-of-plane magnetic tunnel junctions with diameters ranging from 11 nm to 70
nm. A junction with a 10 nm diameter corresponds to aF = 22.7kHz natural frequency. The transition
from state to state lasts about 1 ns. In consequence, frequencies up to the GHz can be expected from the
down scaling of superparamagnetic tunnel junctions. However, the dwell-time expressions presented in
this Chapter are no longer valid as such frequency and the switches would be correlated because of their
proximity in time. Such a device would not be suitable for some applications such as random number
generation. For the latter, frequencies up to about 100MHz can be expected. At this frequency, the energy
barrier is equivalent to the thermal energy kBT , which requires a diameter of roughly 4 nm.

Conclusion

The superparamagnetic tunnel junction is a noise-powered bistable stochastic oscillator. Though its be-
havior is random, its physics is well understood and modeled. The superparamagnetic tunnel junction is
a promising building block for bio-inspired computing systems. In this thesis we show three paths to use
this device as such:

∥∥∥∥∥∥∥∥∥∥
1. As an oscillator to achieve low-power synchronization (Chapters 3 and 4).

2. As a Poisson neuron to perform population coding (Chapter 5).

3. As a true random number generator (Chapter 6).
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Chapter 3

Noise-induced synchronization of a
superparamagnetic tunnel junction to an
external drive

I
n this Chapter we demonstrate how thermal and electrical noises can induce the low-

power synchronization of a superparamagnetic tunnel junction to an external drive. As perfect

synchronization is not possible in a stochastic device, a looser definition of synchronization has

to be adopted. We investigate and compare several metrics to measure synchronization. Both

thermal and electrical noise are studied, as well as various shapes of drive (square periodic,

square stochastic and sinusoidal). We leverage experiments to develop a theoretical model

and demonstrate the validity of this model by comparing it to experimental results. Both

numerical simulations and analytical expressions are validated. In particular we show how

to find the boundaries of the range of noise (thermal or electrical) for which synchronization

occurs. This model enabled to conduct more experiment and to study the e�ect of the ampli-

tude and frequency of the drive. Furthermore we used the model to predict energy and power

consumption of the noise-induced synchronization of optimized scaled down junctions. We

demonstrate that using noise to achieve synchronization allows an energetic consumption much

lower than what is possible with harmonic spin torque oscillators or CMOS neurons. In con-

sequence, noise-induced synchronization of superparamagnetic tunnel junction is promising

for the low-energy implementation of synchronization-based computing schemes.
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Many computing schemes based on the synchronization of oscillators exist, however they are
adapted to harmonic periodic oscillators. In order to use the synchronization of superparam-

agnetic tunnel junction for computing we need to re-invent these schemes and adapt them to bistable
stochastic oscillators. The first step of this study is to investigate the synchronization of a single super-
paramagnetic tunnel junction to an external source and how it can be controlled by noise.

The goals of this Chapter are to observe, quantify, model and control the noise-induced synchronization
of a superparamagnetic tunnel junction to an external electrical drive.
We start by briefly defining synchronization of a stochastic bistable oscillator to an external drive (Section
3.1).
Section 3.2 features the first experimental demonstration of noise-induced synchronization in a magnetic
tunnel junction. It investigates various synchronization criteria and shows how the theoretical model
presented in Chapter 2 accurately describes experimental results.
Section 3.3 is a theoretical studyofhowtouse temperature to control the synchronizationof a superparam-
agnetic tunnel junction. We develop a comprehensive analytical model of noise-induced synchronization.
In particular, this model gives access to the noise range for which synchronization occurs.
Section 3.4 features the first experimental demonstration of synchronization controlled by external noise
in a nanoscale system. We extend the model presented in section 3.3 to the case of electrical noise and
show that it accurately describes experimental results.
In Section 3.5 we leverage our analytical model to compute the energetic cost of noise-induced synchro-
nization for optimized devices.

3.1 Synchronization of a stochastic bistable oscillator to an exter-
nal drive

Synchronization of a harmonic periodic oscillator to a harmonic periodic drive is achieved if both signals
have the same frequency and the same phase. In the case of a stochastic bistable oscillator, synchronization
has to be redefined.

For a bistable oscillator driven by a two-states signal, we have a four state system. The oscillator is consid-
ered synchronized with the drive if it is "UP" (AP in the case of a magnetic tunnel junction) when the
drive is "UP" and "DOWN" (P) when the drive is "DOWN" (Fig. 3.1). While the switches of the drive
and the oscillator would be simultaneous in the case of perfect synchronization (Fig. 3.1 left), they are
separated by a random delay in the case of stochastic synchronization (Fig. 3.1 right). As the oscillator has
an intrinsically random behavior, perfect synchronization cannot be achieved and a less strict definition
of synchronization has to be adopted. Several criteria can be used and will be explored in this chapter.
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Drive 

Osc. 

t t 
Perfect synchronization Stochastic synchronization 

Figure 3.1: Sketches of the time evolution of a square periodic drive (black) and a bistable oscillator
(red), in the cases of perfect synchronization (left panel) and stochastic synchronization (right
panel).

3.2 Harnessing the available thermal energy at room tempera-
ture

Phenomena occurring at room temperature are the most desirable for applications. We demonstrate how
to harness the thermal noise available at room temperature to induce synchronization.

We studied the response of a superparamagnetic tunnel junction (type A sample) to a weak oscillating
excitation current. At room temperature and under zero effective field1 (see Chapter 2), we injected a
square periodic current of different frequencies and amplitudes well below the critical current Ic '
1.3mA of our junction.

We monitor the voltage across the junction with an oscilloscope. As there are two levels of current (+Iac
and−Iac) and two possible resistance values2 (RP andRAP ), there are four possible levels of voltage:
+Iac × RAP , +Iac × RP ,−Iac × RP and−Iac × RAP (from highest to lowest). We identify each
level and reconstruct the evolution with time of the current drive and of the resistance of the junction.
For each ac-current amplitude Iac and frequency Fac considered, 10 traces of 2 seconds in duration were
recorded in order to obtain sufficient statistics on the response of the stochastic device.

3.2.1 Various synchronization regimes

Our goal is to detect and quantify the synchronization of the stochastic oscillator with the drive. We
start by analyzing the time resolved evolution of the resistance of the junction, for a ac-current amplitude
Iac = 250µA .

Figure 3.2 (a) plots the periodic drive versus time while Figure 3.2 (b) plots the response of the system –
1Here the magnetic field applied to obtain zero effective field is 37 Oe.
2HereRP ' 150 Ω andRAP ' 200 Ω.
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i.e. the state of the junction – versus time. Figure 3.2 (c) plots the phase of the periodic drive φe (black)
and the phase of the oscillator φs (red). Both phases are obtained by adding π at each reversal and piece-
wise reconstruction between the reversals. In consequence a periodic signal has a fully linear phase. Figure
3.2 (d) represents histograms of the dwell-times for the anti-parallel (red) and parallel (green) states.

We observe three different regimes at various frequencies:

(1) Fac = 450Hz

When the frequency of the drive is higher than the natural frequency of the junction, there is no synchro-
nization. The oscillations of the junction (Fig. 3.2 (b)) do not follow the oscillations of the drive (Fig.
3.2 (a)). We observe that sometimes the drive reversal is followed by a state switch of the junction, but
most of the times the junction "misses" the switches. The phase of the periodic drive φe is linear, while
the phase of the junction φs is non-linear and left behind the phase of the drive (Fig. 3.2 (c)). These
observations can be explained by the fact that the junction tries to follow the drive but is too slow to
achieve synchronization. The analysis of the dwell times histograms confirms that the junction responds
to the excitation of the drive. Instead of the characteristic shape of a Poisson process, the dwell times are
grouped into peaks around odd integer multiples of Tac2 . A Tac

2 dwell time means that the junction is
synchronized with the drive for half a period. A 3Tac

2 dwell time means the junction missed one oscilla-
tion of the drive, a 5Tac

2 dwell time means the junction missed two oscillations of the drive, and so on.
This behavior corresponds to stochastic resonance: it occurs in conditions less strict than noise-induced
synchronization [97, 98, 102].

(2) Fac = 100Hz

When the frequency of the drive is of the same order as the natural frequency of the junction, there
is synchronization. For each oscillation of the drive there is one oscillation of the junction (Fig. 3.2 (a-
b)). Both phases φs and φe are linear and follow each other (Fig. 3.2 (c)). The dwell times histograms
are grouped into a single peak at Tac2 . Synchronization is not perfect as the junction has a stochastic
behavior. Indeed we observe that after each reversal of the drive, the junction waits a random delay to
switch, which translates into the widths of the dwell times peaks. However we observe that although the
phase difference between the drive and the junction is non-zero, it is bounded (Fig. 3.3). In consequence,
the system exhibits both synchronization in frequency and phase-locking. As the drive amplitude is well
below the critical current, it cannot induce synchronization by itself. Here synchronization is only made
possible by the presence of thermal noise. This allows to achieve synchronization at a lower energy cost
than in the noiseless case.

(3) Fac = 7.8Hz

When the frequency of the drive is much lower than the natural frequency of the junction, the junction
is able to follow the drive easily. We observe that the random delays between the reversals of the drive
and the junction are shorter that in the previous case. This leads to the fact that the dwell-times peaks are
much narrower than at Fac = 100Hz. However, the time intervals between two drive reversals are long
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Figure 3.2: Measurements at room temperature of a superparamagnetic tunnel junction submitted to a
Iac = 250µA square periodic current.Three frequencies are showhere:Fac = 450Hz (left),
Fac = 100Hz (center), Fac = 7.8Hz (right). (a) Current drive versus time. (b) Resistance
of the junction versus time. (c) Phases of the junction φs (in red) and of the excitation φe (in
black) versus time. (d) Histograms of the dwell times for the anti-parallel (red) and parallel
(green) states versus time in Tac units.

compared to the natural period of the junction. In consequence the junction sometimes switches out
of phase and is then quickly brought back in phase, as observed in Figure 3.2 (b). We call these parasitic
oscillations glitches. They are responsible for the discrete 2π jumps in the phase of the junction (Fig.
3.2 (c)) and for the tail of very short events in the dwell-time histograms (Fig. 3.2 (d)).

3.2.2 Criteria to quantify synchronization

The qualitative analysis based on time resolved observations enabled us to understand noise-induced
synchronization and the different regimes linked to it. However, it is necessary for applications to have
a global quantification of synchronization. Indeed, computing schemes based on synchronization use
as output the fact that some oscillators are synchronized. There are many possible metrics to quantify
synchronization. Here we have chosen to present three criteria: the matching time (Fig. 3.4 (a)), the
frequency (Fig. 3.4 (b)) and the effective diffusion constant (Fig. 3.5 (a)). NB: when we refer to "syn-

chronization" within each section, it should be understood as "synchronization as regarding to the criteria

currently investigated".

3.2.2.1 Matching time

Thematching time corresponds to the proportion of timewhere both the junction and the drive are in the
same state "UP" or "DOWN": junction in the AP state when the drive is+Iac and junction in the P state
when the drive is−Iac. If the junction is completely uncorrelated from the drive and its behavior is fully
random, the matching time is 50%. If the junction is perfectly synchronized with the drive, the matching
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Figure 3.3: Measurement. Phase difference∆φ = φe − φs between the phase of the drive and the junc-
tion versus time.

time is 100%. Figure 3.4 (a) represent the experimental matching time versus the drive frequency of the
drive, for various drive amplitudes.We observe that thematching time increases when the drive frequency
decreases. Indeed, the slower the drive, the easier it is for the junction to synchronize on it. Glitches are
more andmore frequent when the drive frequency decreases but they are very short and therefore do not
significantly affect the matching time. We can highlight that the matching time behavior is monotonous
with the drive frequency: stochastic resonance is a resonance in noise level andnot frequency. Furthermore,
we observe that the matching time is higher for larger drive amplitudes. Indeed, synchronization is more
efficient with a strong signal.

3.2.2.2 Frequency of the oscillator

Figure 3.4 (b) represents the frequency of the junction F – defined as the mean number of oscillations
per second – versus the drive frequency, for various drive amplitudes. Synchronization is achieved if the
frequency is equal to the drive frequency, which is symbolized by the F = Fac dashed line. We observe
that at high drive frequencies, the frequency of the junction is constant and only depends on the drive
amplitude.This saturation can be interpreted as follows: the drive is so fast compared to the junction
the junction only see averages values (the amplitude) and does not respond at all to the oscillations. In
this regime, there is no stochastic resonance. We observe that when the drive frequency decreases, the
frequency of the junction is pulled towards it (which corresponds to stochastic resonance). Synchroniza-
tion occurs when the frequency reaches the drive frequency. At low drive frequencies, we observe that
the frequency of the junction raises above the drive frequency. This is due to the appearance of glitches.
Furthermore, we observe that the larger the drive amplitude, the broader the synchronization range.

We use our compact model to conduct numerical simulations with the Cadence Spectre simulator as
described in Chapter 2 and confront the results to the experimental measurements of the matching time
and frequency. The parameters used in the model were∆E/kBT = 16.2 and Vc = 0.25V. They were
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Figure 3.4: (a) Matching time between the junction and the drive versus the frequency of the drive. (b)
Frequency of the superparamagnetic tunnel junction versus the frequency of the drive. The
dashed line represents the frequency of the drive. Various current amplitudes are measured:
Iac = 250µA (blue), Iac = 200µA (red), Iac = 150µA (green) and Iac = 100µA (black).
Symbols: experiments. Lines: numerical simulations with Cadence Spectre.

extracted from prior characterization then finely tuned to fit the experimental data. Figure 3.4 shows that
our model (grey solid lines) describes accurately the experimental results (symbols). This demonstrate
the validity of our model for the prediction of the dynamics of a superparamagnetic tunnel junction in
the case of a complex phenomenon.

3.2.2.3 Effective diffusion constant of the phase

The dynamics of the state of the junction can be viewed as a one-dimension Brownianmotion of a particle
where the switches correspond to jumps back and forth. In a 1DBrownianmotion, the significant variable
is the difference between the quadratic average of the position 〈X(t)2〉 and the average position 〈X(t)〉
of the particle:

〈X(t)2〉 − 〈X(t)〉 = 2tDeff . (3.1)
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In a Brownianmotion the average position is typically zero as the particle diffuses equally both directions.
The quadratic average is then proportional to the time t and the proportionality coefficientDeff is called
the effective diffusion constant. The effective diffusion constant is thus a metric of howmuch the particle
spreads away from its average position. By analogy we can define the effective diffusion constant of the
phase of the junction [76]:

Deff =
1

2

d

dt

(
〈φs,i〉2 − 〈φ2

s,i〉
)
. (3.2)

Where 〈φs,i〉 is the average over several independent measurements of the phase φs. The average phase
is driven by the frequency of the junction: 〈φs,i〉 = 2πFt. The quadratic average quantifies howmuch
the phase spreads around its average motion. In consequence the effective diffusion constant is a metric
of howmuch stochastic the motion is. A low diffusion constant signifies a close to periodic behavior (a
perfectly periodic motion has a zero diffusion constant) while a large diffusion constant signifies a fully
stochastic behavior, which is not well described by its average motion.

Figure 3.5 (a) represents the effective diffusion constant versus the drive frequency. Figure 3.5 (b) repre-
sents the temporal evolution of the difference between the phase and its average position for ten indepen-
dent trials. We observe two regimes, illustrated by the two panels of Figure 3.5 (b).

(1) Fac = 700 Hz. We observe in Figure 3.5 (b) that the independent trajectories of the phase spread
broadly around the average motion. Furthermore, the trajectories are very different from each other. This
leads to a large effective diffusion constant (Deff of the order of several thousands of rad2/s), as observed
in Figure 3.5 (a). We conclude that at high drive frequencies the behavior of the phase is mainly stochastic.

(2) Fac = 210 Hz. We observe in Figure 3.5 (b) that the independent trajectories of the phase stay close
to the average motion and are all very similar. This leads to a small effective diffusion constant (Deff

of the order of a couple hundreds rad2/s), as observed in Figure 3.5 (a). We conclude that at low drive
frequencies, the behavior of the junction is mainly periodic, i.e. synchronized to the drive. The fact that
the effective diffusion constant remains small at very low frequencies means that the glitches do not affect
it. It should be noted that the transition from stochastic to synchronized behavior – which occurs around
Fac ' 250Hz – is sharp.

Conclusion

Toconclude,wehave investigated three differentmetrics quantifying synchronization. Thematching time
describes synchronization as a continuous quantity increasing when the drive frequency decreases. The
frequency of the junction describes synchronization as occurring in a range of drive frequency close to the
natural frequency of the stochastic oscillator. The effective diffusion constant describes synchronization
as occurring below a certain value of the drive frequency. In consequence, at a given drive frequency,
the junction can be considered synchronized by certain metrics and not by others. This should not be
seen as an inconsistency: the synchronization of a superparamagnetic tunnel junction is not perfect as
the device will always have a stochastic behavior. Therefore what matters is howmuch imperfection and
what type of imperfection is tolerated to qualify as synchronization. It is likely that the relevant definition
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Figure 3.5: Measurements. (a) Diffusion effective constant of the phase of the superparamagnetic tunnel
junction versus the frequency of the drive, for a Iac = 250µA current. The green star marks
Fac = 210Hz and the red starmarksFac = 700Hz. (b) Phase of the junction versus time for
ten independent trials. Two frequencies Fac = 210Hz and Fac = 700Hz are represented.
The average phase 2π〈F 〉t has been subtracted.

of synchronization for computing will depend on the application. Indeed, for for some applications,
such as Hopfield networks or Boltzmann machines for examples, we expect that glitches will not be an
issue. On the contrary, for some other applications, such as schemes compatible with rate-based coding of
information for example, frequency synchronization might be more appropriate. Besides, neuroscience
research suggest that several types of synchronization are employed by the brain [112]. In consequence, it
is an asset to have different types of noise-induced synchronization that can occur in different conditions.

Theoretical schemes using synchronization for pattern recognition and classification have "which oscil-
lators are synchronized together" as a read-out. Therefore, depending on the specific architectures and
synchronization detection systems, different synchronization metrics might be more appropriate:

• If we want to answer the question "are these two oscillators synchronized" in a binary fashion, then
it is better to use a metric with a sharp transition between the synchronized and non-synchronized
state. In this case the frequency or the effective diffusion constant of the phase are more relevant.

• If we want to measure the degree of synchronization between two oscillators, then it is better to
have synchronization defined as an analog quantity. In this case thematching time is more relevant.

3.3 Controlling synchronization with the temperature

In Section 3.2we observed the noise-induced synchronization of a superparamagnetic tunnel junction. In
order to leverage this phenomenon for applications, it is necessary to control synchronization: i.e. being
able to induce or suppress synchronization. In this section we show how to control synchronization
by varying the temperature. We present numerical simulations performed with the model described
in Chapter 2 and validated for the description of noise-induced synchronization in Section 3.2. We also
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develop an analyticalmodel of noise-induced synchronization. Thismodel does not only aim at providing
a qualitative understanding but also to give quantitatively accurate predictions. In particular, the model
gives access to the temperature range which induces synchronization. In this section and the following,
we show that our model matches experimental results.

We perform numerical simulations of a superparamagnetic tunnel junction with an energy barrier and
temperature such that ∆E = 30 kBT at T = 50K (i.e. ∆E = 5 kBT at T = 300K room
temperature) and a threshold voltage Vc = 1 V. We apply a square periodic voltage with frequency
Fac = 1/Tac = 1 MHz and with sub-threshold amplitude V = 0.75V to the junction.

Figure 3.6 represents the normalized matching time (right axis, in black) as well as the frequency of the
oscillator (left axis, in red) versus the temperature. The matching time exhibits the characteristic bell
shape of stochastic resonance [34]. The frequency increases with temperature and presents a plateau
at the frequency of the drive Fac. This plateau is a signature of stochastic resonance and noise-induced
synchronization [75, 286]. It is important to notice that synchronization occurs over a broad range of
temperature. This makes noise-induced synchronization robust to temperature variations.
The three regimes observed in the previous section are found here as well. Indeed, raising the temperature
increases the natural frequency of the oscillator. At low temperature, the oscillator is too slow to syn-
chronize to the drive. For an optimal range of temperature, the oscillator and the drive have comparable
frequencies and synchronization is achieved: this corresponds to the plateau. At high temperature the
oscillator is too fast compared to the drive and therefore glitches appear. The glitches do not affect the
matching time until they are extremely frequent. In consequence, the rise of the matching time is much
steeper than its fall and the synchronization plateau does not coincide with themaximumof thematching
time.

We choose to focus on the synchronization in frequency. In order to harness noise-induced synchroniza-
tion for application, it is necessary to understand quantitatively the conditions leading to it. Therefore
we develop an analytical model based on the switching rates between the P andAP states of the stochastic
oscillator.

3.3.1 Modeling noise-induced synchronization

The most recent and precise analytical expression of the frequency of a stochastic oscillator submitted to
a square periodic drive has been found by Casado-Pascual [100]:

F =
γ

4

1−∆2

1−
4 tanh

(
γ Tac

4

)
γ Tac

 . (3.3)

Where
γ = φ+ + φ− (3.4)
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Figure 3.6: MATLAB simulations. Left axis: frequency versus the temperature. The horizontal black line
corresponds to the drive frequency. Right axis: normalized matching time versus the temper-
ature. The energy barrier is∆E = 5kBT atT = 300K, the drive frequency isFac = 1MHz
and the drive amplitude is Vac = 0.75 Vc.

and
∆ =

φ+ − φ−
γ

. (3.5)

This analytical expression of the frequency describes accurately the numerical results, as can be observed
in Figure 3.8. However, Casado-Pascual’s model has several issues:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. It does not give access to further understanding of the phenomenon.

2. It cannot be used in the case of electrical noise, when the escape rates are random variables them-
selves.

3. It cannot be used in the case of more complex circuits, composed of several coupled oscillators for
instance.

In consequence, we develop a model which provides quantitatively accurate results as well as a better
qualitative understanding on the phenomenon. This model can be very directly adapted to the cases of
electrical noise (as shown in Section 3.4) and of coupled oscillators (as shown in Chapter 4).
First we show how to access the boundaries in temperature of the synchronization plateau, then we give
analytical expressions of the frequency of the junction.
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Figure 3.7:MATLAB simulations. The numerically obtained frequency of the stochastic oscillator is
plotted versus temperature in back squares (in units of the drive frequency Fac). The proba-
bilities to phase-lockP+ and unlockP− are plotted versus temperature in purple and orange
solid lines respectively. The drive frequencyFac is represented by a black horizontal line. The
temperatures for which P+ = 0.99 and P− = 0.01 are represented by purple and orange
vertical dashed lines respectively. The red zone symbolizes the range of temperature for which
synchronization is achieved.

3.3.1.1 Finding the boundaries of the synchronization frequency plateau

The junction is considered to be in-phase with the drive if it is in the AP state when the drive is +V and
in the P state when the drive is−V . In consequence we can define P+ the probability to phase-lock to
the drive in half a period (i.e. before the next drive reversal) and P− the probability to phase-unlock:

P+ = PP→AP

(
+V,

Tac
2

)
= PAP→P

(
−V, Tac

2

)
= 1− exp

(
−Tac

2
φ+

)
(3.6)

P− = PP→AP

(
−V, Tac

2

)
= PAP→P

(
+V,

Tac
2

)
= 1− exp

(
−Tac

2
φ−

)
(3.7)
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wherePP→AP
(
+V, Tac2

)
is the probability to switch from P to AP in a Tac2 time interval when a voltage

+V is applied, and

φ+ = φ0 exp

(
− ∆E

kBT

(
1− V

Vc

))
(3.8)

φ− = φ0 exp

(
− ∆E

kBT

(
1 +

V

Vc

))
. (3.9)

We illustrate this model in Figure 3.7: for each temperature, the probabilities P+ and P− are computed
analytically and plotted on the right axis while the frequency is plotted on the left axis.

At low temperatures, the probability to phase-lock P+ is low: the oscillator cannot follow the drive and
there is thus no synchronization. We investigate the conditions leading to the occurrence of synchroniza-
tion. When the junction and the drive are out-of-phase, they have a probability P+ to phase-lock in the
next half-period Tac

2 (before the next switch of the drive). When the junction and the drive are in-phase,
they have a probability (1 − P−) to stay phase-locked during the next half-period. As the junction is
intrinsically stochastic, there cannot be perfect deterministic synchronization.
We consider the junction to be synchronized to the drive for P+ > 0.99 and P− < 0.013. These con-
ditions correspond to the temperature range 85K < T < 241K and indeed we observe that it matches
the visual boundaries of the plateau where the frequency of the junction is equal to the frequency of
the drive (as symbolized by the light red zone labeled "synchronization" in Figure 3.7). More precisely it
corresponds to the temperature range in which F = Fac with a 2% precision.

Above T = 241K, the probability to phase-unlock P− is higher than 0.01. We observe that the junction
regularly slips out of phase. These parasitic oscillations (glitches) raise the frequency of the junction above
Fac and destroy synchronization.

3.3.1.2 Modeling the shape of the frequency

We provide analytical expressions of the frequency for the different regimes and compare them to numer-
ical results in Figure 3.8.

1. At very low temperatures, the junction is too slow to respond to the oscillations of the drive. The
switching rate φ− can be neglected in front of φ+. The junction can switch from AP to P (with
the rate φ+) when the drive is −V and from P to AP (also with the rate φ+) when the drive is
+V . As the behavior of the junction is fully stochastic, these conditions are fulfilled on average
half of the time. The mean switching rate is thus φ+

2 . As there are two switches per oscillation, this
corresponds to a frequency:

Flow noise =
φ+

4
. (3.10)

In our device and under the considered conditions, this expression is valid for T < 60K , as ob-
served in Figure 3.8 (a).

3As will be detailed, the error accepted on the frequency-locking can be chosen by tuning the noise range.
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2. When the level of thermal noise is slightly sub-optimal, synchronization is limited by the junc-
tion’s ability to phase-lock fast enough when the excitation voltage reverses. Therefore the mean
frequency of the junction isF = Fac(2P+−1). On the other hand,when the noise level is slightly
supra-optimal, synchronization is limited by the junction’s tendency to jump out of phase with
the excitation voltage. Therefore F = Fac(1 + 2P−). On the whole, near the plateau, the mean
frequency of the junction is:

Fplateau = Fac(2P+ + 2P− − 1). (3.11)

In our device and under the considered conditions, this expression is valid for 60K < T < 360K ,
as observed in Figure 3.8 (a). The full demonstration of equation 3.11 can be found in Appendix
B.

This model enables us to predict the boundaries of the plateau for any chosen precision on the
frequency. If we seek an error rate below x (i.e. (1− x)Fac < F < (1 + x)Fac) the conditions
on the switching probabilities are P+ > 1− x

2 and P− < x
2 .

3. At very high temperature, the junction is so fast that it perceives the drive as a dc-voltage. Its fre-
quency is the mean of the frequencies when the drive is+V and−V :

Fhigh noise =
1

2
(F+V + F−V ) (3.12)

=
1

φ−1
+ + φ−1

−
. (3.13)

In our device and under the considered conditions, this expression is valid for temperatures above
600 K, as observed in Figure 3.8 (b).

For very low and very high levels of thermal noise, the frequency of the junction does not depend on the
frequency of the drive (Equations 3.10 and 3.13). The involved time scales are too different to trigger a
response. For medium levels of thermal noise (around the synchronization range), the frequency of the
junction depends on the frequency of the drive (Equation 3.11). This is stochastic resonance. For a range
of noise within stochastic resonance, the frequency of the junction is equal to the frequency of the drive
(F = Fac). This is noise-induced synchronization.

In the previous section, we saw that noise-induced synchronization can only occur in specific drive fre-
quency ranges and that it is more efficient for higher drive amplitudes. We use numerical simulations and
our analytical model to get a quantitative understanding of the effect of the drive characteristics (Fig. 3.9).

3.3.1.3 Effect of the drive amplitude

Figure 3.9 (a) represents the characteristic noise-induced synchronization curve of the frequency versus
temperature for various drive amplitudes and for Fac = 1MHz. Figure 3.9 (b) is a map "temperature
versus drive amplitude" of the synchronization region (in red).We observe that raising the drive amplitude
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Figure 3.8:MATLAB simulations. The frequency of the junction, obtained by variousmethods, is plot-
ted versus the temperature. In both (a) and (b), the numerical results are plotted in black
squares and the Casado-Pascual model (Eq. 3.3 and [100]) in red dashed line. In (a) the low
noise approximation (Eq. 3.10) is plotted in green solid line and the plateau approximation
(Eq. 3.11) in blue solid line. In (b) the high noise approximation (Eq. 3.13) is plotted in black
solid line.
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Figure 3.9: Cadence Spectre simulations and analytical model. (a) Frequency of the oscillator versus the
temperature, for various drive amplitudes. The drive frequency isFac = 1MHz. (b) Temper-
ature rangewhere synchronization occurs versus the amplitude of the drive. The temperature
at whichP+ = 95% is plotted as a black solid line while the temperature at whichP− = 5%
is plotted as a red solid line (analytical model). The temperature at which F = 0.95Fac is
plotted as black squares while the temperature at which F = 1.05Fac is plotted as red stars.
The synchronization occurs in the red zone. (c) Frequency of the oscillator versus the temper-
ature, for various drive frequencies. The drive amplitude is Vac = 0.75 Vc. (d) Temperature
range where synchronization occurs versus the frequency of the drive. The same legend as in
panel (b) is used. For all cases the energy barrier is∆E = 5kBT at T = 300K.
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increases the width of the plateau. A minimum voltage is observed at Vac = Vmin = 0.3V: below this
amplitude, synchronization cannot be achieved at any temperature, for this drive frequency. This drive
amplitude constrains the minimum external power supply required to sustain synchronization at this
drive frequency.

Pmin =
1

2

V 2
min

R
. (3.14)

Where R is the average resistance of the junction. We experimentally observed that noise-induced syn-
chronization of a bistable oscillator is achieved in a single period, therefore the minimum energy required
to achieve synchronization at a given drive frequency is:

Emin =
1

2

V 2
min

R
Tac. (3.15)

3.3.1.4 Effect of the drive frequency

Figure 3.9 (c) represents the characteristic noise-induced synchronization curve of the frequency versus
temperature for various drive frequencies and for Vac = 0.75V. Figure 3.9 (d) is a map "temperature
versus drive frequency" of the synchronization region (in red).We observe that raising the drive frequency
shift the plateau toward higher temperatures. Indeed higher levels of thermal noise increase the natural
frequency of the junction. AtFac = 100MHz, the plateau is no longer observed.We observe amaximum
at Fac = Fmax = 60MHz: above this drive frequency, synchronization cannot be achieved at any
temperature, for this drive amplitude. It is important to notice that noise allows synchronization to occur
over broad ranges of frequencies (several orders of magnitude). This is a key advantage of noise-induced
synchronization over traditional synchronization.

The fact that noise-induced synchronization occurs over broad ranges of temperature, drive amplitudes
and frequencies makes it robust to device variations.

3.3.1.5 Comparison of the model with experimental results

Our model can be used to map the three different regimes experimentally observed at room temperature
(see Section 3.2). Figure 3.10 is a "drive frequency versus drive amplitude" map. The red and black solid
lines represent the frequencies for which P− = 5% and P+ = 95% respectively. They were obtained
by putting the experimental parameters of Section 3.2 in the analytical model: ∆E = 16.2kBT and
Vc = 250mV. The experimental data points from the three drive frequencies analyzed in the Section
3.2 are plotted. Each of them corresponds to the experimentally observed regime: Fac = 250Hz (pink
star) corresponds to the stochastic regime, Fac = 100Hz (green star) corresponds to synchronization
(red zone) and Fac = 7.8Hz (blue star) corresponds to the glitches regime.
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Figure 3.11: Cadence Spectre simulations. Evolution of the resistance of the junction (up) and the stochas-
tic drive (down) versus time at three temperatures: (a) T = 50K, (b) T = 250K and (c)
T = 1000K.

3.3.2 Extension to other drive waveforms

We extend our study to a drive waveforms other than a square periodic: square stochastic and sinusoidal.
For both cases, we consider a junction of energy barrier∆E = 5kBT at T = 300K, to which a drive of
frequency Fac = 1MHz is applied.

3.3.2.1 Square stochastic drive

The square stochastic drive is generated by a Poisson process of characteristic time τ = 1
2Fac

. The noise-
induced synchronizationmechanism is similar to the square periodic drive case [76]. Figure 3.11 represents
the time evolution of the resistance of a superparamagnetic tunnel junction (up) and the square stochastic
drive applied to it (down), for various temperatures simulated in the Cadence Spectre simulator. We ob-
serve the usual three different regimes at different temperatures: stochastic (Fig. 3.11 (a)), synchronization
(Fig. 3.11 (b)) and glitches (Fig. 3.11 (c)).

Figure 3.12 compares the frequency (a) andmatching time (b) versus temperature for a periodic drive and
a stochastic drive. We observe that while the matching time is similar for the stochastic and periodic cases,
the synchronization plateau is narrower for a stochastic drive. Synchronization occurs when the natural
frequency of junction is of the same order as the drive frequency (here as illustrated for T = 250K).
But for a given average frequency of the stochastic drive, only a portion of the switches occur at this time
scale and many dwell times of the drive are too fast or slow for the junction. Therefore the noise range
for which synchronization occurs is reduced.

These observations and interpretations can be formalized by adapting our analytical model to the stochas-
tic drive case. The escape rates φ+ and φ− are constants as in the square periodic case. However, the
probabilities to switch P+ and P− are random variables because the time intervals spent by the drive in
each of its two states are random. The quantities to consider are thus the average probabilities over all
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Figure 3.12: (a) Frequency of the oscillator versus the temperature for a stochastic drive (black) and a
periodic drive (red) of frequency Fac = 1MHz, for two drive amplitudes Vac = 0.7Vc

(circles) and Vac = 0.4Vc (square). (b) Matching time versus the temperature. The same
legend is used for panels (a) and (b).
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possible values of the time interval t:

〈P+〉 =

∫ ∞
0

dt

τ
exp

(
− t
τ

)
P+(t). (3.16)

Where τ = Tac
2 is the characteristic time of the Poisson process generating the stochastic drive.

〈P+〉 =

∫ ∞
0

dt

τ
exp

(
− t
τ

)
(1− exp (−t φ+)) . (3.17)

In consequence:

〈P+〉 = 1−
φ−1

+

τ + φ−1
+

(3.18)

and by similar computations

〈P−〉 = 1−
φ−1
−

τ + φ−1
−
. (3.19)

The analytical expression of the frequency around the plateau in the stochastic drive case is thus:

F = Fac (2〈P+〉+ 2〈P−〉 − 1) . (3.20)

Figure 3.13 presents the numerically obtained frequency in function of the temperature for the square
periodic (black squares) and square stochastic (red circles) drives4, as well as their analytical counterparts
(solid lines). We observe that the analytical model accurately describes the numerical results around the
synchronization plateau for both drives.

To the best of our knowledge this is the only analytical model of the frequency around the plateau of
noise-induced synchronizationwhich is able to differentiate a stochastic from a periodic square drive. The
only available analytical expression for the frequency resulting from a stochastic square drive was given
by Neiman et al. and is part of a framework where both stochastic and periodic drives are considered
equivalent [76].

3.3.2.2 Sinusoidal drive

Figure 3.14 represents the evolution with time of the sinusoidal drive and the state of the junction at
different temperatures, simulated in the Cadence Spectre simulator. We observe the three usual regimes.
AtT = 80K thebehavior is stochastic. AtT = 350K the junction is in the glitches regime.AtT = 110K

and T = 260K the junction is synchronized with the drive: for each oscillation of the drive there is one
oscillation of the junction and their phase difference is bounded. However, the average phase difference
between the drive and the oscillator varies with the temperature within the synchronization regime, as
illustrated in Figure 3.15 (a). At T = 110K, the oscillator switches when the drive is V (t) = +Vac

4Here the drive amplitude is Vac = 0.75Vc for both cases.
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Figure 3.13: Frequency of the junction obtained by MATLAB simulations versus the temperature for a
square periodic drive (black squares) and a square stochastic drive (red circles). The analytical
model of the frequency around the plateau are plotted in solid lines both for the periodic
(black) and stochastic (red) cases. The horizontal line symbolizes the drive frequency Fac.

which leads to a π
2 phase difference. As the temperature increases, P+ reaches values close to 100% at

lowerV (t) values, which leads to switches of the junction earlier in the drive period and therefore a lower
phase difference (about π4 at T = 260K). The decrease of the phase difference stops when the glitches
appear and synchronization is lost.

Figure 3.15 (b) compares the evolutionof the oscillator frequency versus the temperature for the sinusoidal
and square cases, at various drive amplitudes. We observe that the plateau is narrower for a sinusoidal
drive. Indeed, at fixed amplitude Vac, the effective value of the drive is lower in the sinusoidal case:

Veff =

√
〈
(
Vac sin(2π

t

T

)2

〉 =
Vac√

2
. (3.21)

Conclusion

We have shown how thermal noise can be used to control the synchronization of a superparamagnetic
tunnel junction to a voltage drive of various shapes, frequencies and amplitudes. We have developed a
comprehensive analytical model of noise-induced synchronization. This model allows to get the bound-
aries of the temperature range where synchronization occurs, given the characteristics of the junction and
the drive and given a chosen error tolerance.
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Figure 3.14: Evolutionwith timeof the sinusoidal drive (blue) and the state of the junction (green) at four
different temperatures: (a) T = 80K, (b) T = 110K, (c) T = 260K and (d) T = 350K.
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Figure 3.15: Cadence Spectre simulations. (a) Phase difference between the sinusoidal drive and the oscil-
lator for various drive amplitudes. (b) Frequency of the oscillator versus the temperature for
a sinusoidal drive (line+symbols) and a square drive (line) of frequency Fac = 1MHz, for
various drive amplitudes: Vac = 0.9Vc, Vac = 0.7Vc and Vac = 0.3Vc.
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3.4 Controlling synchronization with electrical noise

Controlling synchronizationwith temperaturemight not be convenient formany applications. Therefore
we show that synchronization can be controlled through another handle: electrical noise. In the following
Section 3.5 we demonstrate that using electrical to induce synchronization rather than harnessing the
room temperature thermal noise is energetically efficient. In this Section and Chapter 4, we show the sim-
ilarities anddifferences between the synchronization phenomena inducedby thermal and electrical noises.

We show how our analytical model can be easily adapted to the electrical noise case by computing the
average probabilities 〈P+〉 and 〈P−〉. By leveraging this model, we were able to find the conditions (drive
amplitude, drive frequency and electrical noise range) leading to noise induced synchronization of our
devices and perform experiments. In Section 3.3.1.5 we showed how our model allows predicting in
which regime (stochastic, synchronization or glitches) an experimental measurement will fall. Here, we
demonstrate that our model can provide much more detailed predictions: the noise levels for which
synchronization occurs, given a chosen error tolerance.

3.4.1 A qualitative understanding of electrical noise-induced synchronization

In Section 3.3 we have given a quantitative interpretation of noise-induced synchronization based on the
probabilities P+ and P− of the junction to switch from state to state. Furthermore, we have explained
how this quantitative interpretation can be qualitatively understood as the fact that noise-induced syn-
chronization occurs when the characteristic time scale of the junction matches the period of the drive.
This explanation still holds in the case of electrical noise: indeed electrical noise raises the frequency of
the junction (see Chapter 2, Section 2.2.4). Tuning the level of electrical noise is equivalent to tuning the
frequency of the junction and thus allows controlling synchronization. However, the idea that electrical
noise – i.e. adding noise on the signal – can be beneficial to synchronization is completely non-intuitive.
Therefore we provide a supplementary way to understand this noise-induced synchronization.

Here we use a simplistic model of the superparamagnetic tunnel junction where the voltage drive triggers
a P to AP transition when it crosses the+Vc threshold and an AP to P transition when it crosses the−Vc
threshold. Depending on the value of the drive amplitude, two cases are possible. If the drive amplitude
is larger than Vc then each polarity reversal of the voltage triggers a switch of the junction (Fig. 3.16 (a)).
This is the supra-threshold case, which consumes a high amount of power as a large drive amplitude is
required. In order to lower power consumption we turn to the sub-threshold case (Fig. 3.16 (b)). Here
the drive amplitude is lower than Vc. In consequence the drive alone does not trigger switches of the
junction. Adding electrical noise on the drive allows it to sometimes cross the thresholds and thus trigger
switches of the junction (Fig. 3.16 (c)). For an optimal range of noise the drive crosses the thresholds at
the right moments and synchronization occurs (Fig.3.16 (d)). Too much noise causes glitches to appear
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Figure 3.16: Sketches of the time evolution of the square periodic voltage drive (blue) and the resistance
of the junction (black). The red horizontal lines represent the critical voltages+Vc and−Vc.
Five cases are illustrated. (a) Supra-threshold drive amplitude. (b) Sub-threshold drive am-
plitude, no electrical noise. (c) Sub-threshold drive amplitude, low noise. (d) Sub-threshold
drive amplitude, optimal noise. (e) Sub-threshold drive amplitude, high noise.

(Fig. 3.16 (e)).

3.4.2 Synchronization induced by electrical noise

We now perform the following experiment: a square periodic voltage of amplitude Vac = 63mV and
frequency Fac = 50Hz is applied across a superparamagnetic tunnel junction (sample X described in
Chapter 2, Section 2.1.1). In addition to this drive, an electrical white Gaussian noise of cutoff frequency
FNoise = 40MHz is applied (see Chapter 2, Section 2.2.4). Data analysis is made in a similar way as
in Section 3.2. However, the presence of noise on the drive makes this analysis much more challenging.
Various numerical filters were applied on the measured voltage across the junction. However these auto-
mated techniques missed some very short reversals (often materialized by down to one single data point).
In consequence, an extremely careful manual observation of the data has to be made at the highest noise
levels.

Figure 3.17 (a) represents the frequency of the oscillator versus the level of electrical noise (standard
deviationσNoise of theGaussian distribution). Just like thermal noise, electrical noise raises the frequency
of the superparamagnetic tunnel junction. Synchronization with the drive is achieved for an optimal
range of electrical noise, as attested by the frequency plateau at F = Fac. Figure 3.17 (b) represents the
time evolution of the drive and the state of the junction at different noise levels. The three regimes are
observed: stochastic at σNoise = 15mV (panel 1), phase-locking at σNoise = 30mV (panel 2) and
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glitches at σNoise = 40mV (panel 3).

3.4.3 Theoretical study

We perform numerical simulations in a similar way as in the case without electrical noise. The noise is
generated by a random number generator for each time step dt = 1/Fnoise. We confront the numerical
results to the experimental results. The experiment is repeated at various drive amplitudes (Fig. 3.18(a)):
Vac = 63mV (red), Vac = 50mV (blue) and Vac = 44mV (green). As expected the width of the
plateau increases with the drive amplitude. Our model reproduced the experimental data accurately. The
parameters used in the model are:∆E/kBT = 22.5 and Vc = 235mV.

Our analytical model can be adapted to the electrical noise case as well. The escape rates φ+ and φ− are
time dependent random variables:

φ+(t) = φ0 exp

(
− ∆E

kBT

(
1− V +N(t)

Vc

))
(3.22)

φ−(t) = φ0 exp

(
− ∆E

kBT

(
1 +

V +N(t)

Vc

))
(3.23)

In this case, the switching probabilities need to be averaged over all possible values ofN . The average
probabilities to phase-lock and unlock can be computed as follows:

〈P±〉 = 1−

(∫ +∞

−∞

(
1− exp

(
−δtφ0 exp

(
−∆E

kT

(
1± V +N

V c

))))
ψ(N)dN

)Tac
2δt

,

(3.24)

where δt = 1/FNoise is the smallest time scale of the electrical noise andψ(N) is a Gaussian distribution
with standard deviation σNoise.

In Fig.3.18 (a), the average probabilities 〈P+〉 and 〈P−〉 for a Vac = 63mV amplitude are plotted ver-
sus the noise’s standard deviation σNoise. Noise-induced synchronization is achieved with less than 1%
error on the frequency for 18mV < σNoise < 38mV which corresponds to 〈P+〉 > 99.5% and
〈P−〉 < 0.5% (see Section 3.3.1.2, Equation 3.11).

We use our analytical model to study the effect of the drive amplitude and frequency. Behaviors similar
to the thermal noise case are observed.

3.4.3.1 Effect of the drive amplitude

Figure 3.18 (b) describes the influence of the drive amplitude for a fixed drive frequency (here Fac =

50Hz. The experimental values of the electrical noise level for which F = 0.99 × Fac and for which



114 CHAPTER 3: NOISE-INDUCED SYNCHRONIZATION

0 5 10 15 20 25 30 35 40
0

10

20

30

40

50

60

70

0 50 100 1500 50 100 150 0 50 100 150 200

1

-V
ac

R
P

(b)

 

 

F
re

q
u

e
n

c
y
 (

H
z
)

Electrical noise (mV)

1

F
ac

2

3

(a)

2 3R
AP

+V
ac

R
e

s
is

ta
n

c
e

 

  
  
s
ta

te

 

 

Time (ms)Time (ms)

 

Time (ms)

 

 

 

 

  
D

ri
v
e

 

v
o

lt
a

g
e

 

 
 

Figure 3.17: Experimental results. A square periodic voltage of amplitude Vac = 63mV and frequency
Fac = 50Hz as well as white Gaussian electrical noise are applied to the junction. (a) Inset:
schematic of the superparamagnetic tunnel junction driven by a periodic square voltage and
electrical noise. Main: junction’s mean frequency as a function of electrical noise amplitude
(standard deviation σNoise). (b) Times traces of the junction’s resistance (top) and applied
voltage (bottom) for three different levels of noise with standard deviations: (1) σNoise =
15mV, (2) σNoise = 30mV and (3) σNoise = 40mV.
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F = 1.01×Fac are plotted in black squares and red circles respectively, as functions of the drive voltage.
The analytically obtained values of the electrical noise for which P+ = 99.5% and P− = 0.5% are
plotted in black and red dashed lines respectively, versus the drive amplitude. We observe that our model
matches the experimental results.
Furthermore, we observe that the range of electrical noise for which phase-locking occurs increases with
the drive amplitude. Indeed a stronger signal induces synchronizationmore easily. As in the thermal noise-
induced synchronization case, when the drive amplitude is too low (here below 37mV), synchronization
cannot be achieved. On the other hand, at large drive amplitudes (here above 85 mV), phase locking can
be achieved through room temperature thermal noise alone, without the need to add up electrical noise.

3.4.3.2 Effect of the drive frequency

Figure 3.18 (c) describes the influence of the drive frequency for a fixed drive amplitude (here Vac =

82mV. The same legend as in Figure 3.18 (b) is used.We observe that ourmodelmatches the experimental
results5.
We observe that increasing the drive frequency shifts the synchronization range towards higher noise levels.
Indeed, adding electrical noise raises the frequency of the junction. It is crucial to observe that electrical
noise allows achieving synchronization over broad ranges of drive frequencies (here experimentally over
a forty-fold range) and orders of magnitude higher than the natural frequency of the junction (here
0.1 Hz). This results pinpoint a strong advantage of noise-induced synchronization over deterministic
synchronization.

3.4.3.3 Effect of device variability

Variability on the area of the device causes proportional variability on the value of the energy barrier.
In Figure 5.14 we investigate the effect of a 5% variability on the area of the junction . Increasing the
energy barrier shifts the synchronization zone towards higher electrical noise levels while decreasing the
energy barrier shifts it towards lower noise levels. As a result, variability on the area has two effects. First
the minimum drive amplitude required to achieve synchronization V0 is increased (here from 32mV to
39mv), which increases the energy consumption of synchronization. Second the synchronization zone is
reduced. For a 63mV drive amplitude the electrical noise range is reduced from 21mV to 16mV. However,
the synchronization zone remains large: noise-induced synchronization is robust to variability.

3.4.4 Conclusion

We have demonstrated that electrical noise can be used to induce and suppress synchronization. Our
model was extended to the case of electrical noise and its validity was shown by direct comparison to

5We could not get the experimental data points for which F = 1.01× Fac as they correspond to electrical noise levels too
high for our data analysis.
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Figure 3.18: Experimental results,MATLAB simulations and analytical model. Simulations and analyt-
ical calculations are done with the same set of parameters: Vc = 235mV and ∆E/kBT =
22.5. (a) A square periodic voltage of frequencyFac = 50Hz and awhiteGaussian electrical
noise are applied to amagnetic tunnel junction.Three amplitudes are studied:Vac = 44mV
(green), Vac = 50mV (blue) and Vac = 63mV (red). Left axis: frequency of the oscillator
versus the standard deviation of the noise, both experimental results (circles, squares and
triangles) and numerical results (solid lines) are represented. Right axis: analytical values of
probabilities < P+ > and < P− > to switch during half a period Tac/2 versus noise
(dash lines). Vertical dot lines represent the noise levels for which < P+ >= 99.5% and
< P− >= 0.5% for a 63mV amplitude. The horizontal black solid line represents the
drive frequency Fac. (b-c) Lower noise bound (black) and higher noise bound (red) of the
synchronization plateau versus the drive voltage (b) and versus the drive frequency (c). Both
analytical values (dash lines) and experimental results (circles and squares) are presented. In
the red zones the oscillator is synchronized with the excitation.
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experimental results. We were able to show that electrical noise-induced synchronization is robust to
variations of the drive and device variability.

3.5 Energetic cost of synchronization

We investigate the energy consumption of spintronic circuits leveraging the synchronization of superpara-
magnetic tunnel junctions for computing. In such circuits, a calculation is finished once steady synchro-
nization patterns are formed within the assembly of oscillators after its perturbation by an external input
signal [113, 114]. Superparamagnetic tunnel junctions phase lock fast, in a single period of the input signal.

To evaluate the energy needed for such operation, we focus on the most recent generation of magnetic
tunnel junctions with perpendicularly magnetized layers. We consider the model inspired from [230]
and presented in Section 2.5.

We calculate theminimum energyEmin necessary to synchronize the junction with andwithout the help
of electrical noise. Figure 3.20 (a) shows the evolution of Emin as a function of junction diameter for
different drive frequencies. When only thermal noise is used the minimum energy is

Emin =
V 2

1

R
Tac, (3.25)
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where V1 is the minimum drive voltage required to phase-lock the junction in one drive period Tac (see
inset in Fig. 3.20 (a)). When electrical noise is added, the minimum energy becomes

Emin =
V 2

0

R
+
σ2

0

R
Tac, (3.26)

where V0 is the minimum drive voltage required for phase-locking and σ0 the corresponding noise level
(see inset in Fig. 3.20 (a)). Interestingly, for each drive frequency, there is an optimal diameterDmin for
which the energy needed to achieve phase-locking is minimal. Indeed the junction diameter determines
its natural frequency: large diameters correspond to low frequencies because large magnetic volumes are
more difficult to switch (see Section 2.5). AboveDmin, the drive frequency is larger than the junction’s
mean frequency. To phase-lock, the junction has to be accelerated. In the absence of electrical noise, this
can be done through an increase of the drive amplitude, which enhances the ability of the junction to
synchronize (stars in Fig. 3.20 (a)).

Adding electrical noise lowers the drive amplitude required to synchronize and thus decreases the total
amount of energy to provide (circles in Fig. 3.20 (a)). BelowDmin, the junction has to be slowed down
in order to phase lock. As electrical noise always speeds up the oscillator by increasing the number of
switches, this can only be achieved by increasing the drive amplitude.

Our results indicate that carefully engineering the junctions’ dimensions candrastically decrease the energy
required to achieve phase-locking, about 8× 10−14J for a drive frequency of 10 MHz (Figure 3.20 (a)).
By comparison, synchronizing a harmonic dc-driven spin-torque oscillator with a 10 GHz frequency
[293] to a drive current would require 100 timesmore energy6. CMOS implementations of oscillators for
bio-inspired computing applications are also more costly in terms of energy, with a consumption above
7× 10−12J for integrate and fire neurons [294]. In addition they occupy a large area on chip, typically
several hundreds of µm2.

Figure 3.20 (b) presents the same study as Figure 3.20 (a) but in power consumption rather than energy:

Pmin =
Emin
Tac

. (3.27)

Contrary to the energy case, the minimum power required to sustain synchronization increases with the
drive frequency. As a consequence, lower drive frequencies should be chosen for power constrained appli-
cations (systems powered by energy harvesting or solar cells for instance) while higher drive frequencies
should be chosen for energy constrained applications (systems powered by a battery for instance).

6For the energy consumption of a deterministic spin-torque oscillator we considered the same model with a resistance×
area productRA = 3 Ω × µm2 and a diameter of 24nm (which corresponds to the traditionally required energy barrier of
∆E = 60kBT ). The power consumption is dominated by the DC current required to induce high frequency oscillations
of the magnetization, therefore P =

V 2
c
R
' 8 × 10−4W. Thus for a spin torque oscillator of 10 GHz frequency taking

Tsync = 10ns to reach synchronization, the energy consumption isE = P × Tsync ' 8× 10−12J.
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the case where electrical noise has been added while stars represent the case where only ther-
mal noise is used. (b) Power required to sustain synchronization versus the diameter of the
junction.
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Conclusion

Using noise - thermal or electrical - to induce the synchronization of stochastic spintronic devices allows
to achieve energy and power consumption gain over the deterministic synchronization of traditional
nano-oscillators. Furthermore, it allows the synchronization of a single oscillator to drives of frequencies
varying over several orders of magnitude. This phenomenon functions with various shapes of drives. The
fact that noise-induced synchronization is achieved over broad ranges of noise as well as drive amplitude
and frequency makes it robust to device and system variability.

In order to leverage these assets in order to perform cognitive tasks, we must study the noise-induced
synchronization of coupled stochastic oscillators.

The first demonstration of noise-induced synchronization in a magnetic tunnel junction – described in
Section 3.2 – made the object of a publication in Physical Review Applied [12]. The validation of the
numerical model for this phenomenon has been published in IEEE Transactions on Magnetism [104].

The analytical model of noise-induced synchronization controlled by thermal or electrical noise has been
published in Physical Review B [295].

The first demonstration of the control of synchronization in a magnetic tunnel junction by electrical
noise and the corresponding model made the object of a publication in Scientific Reports [58].



Chapter 4

Synchronization of coupled stochastic
oscillators

I
n order to unlock the potential of synchronization-based computing, this Chapter presents

a theoretical study of the synchronization of coupled stochastic oscillators. First we investigate

the synchronization phenomena which occur when two superparamagnetic tunnel junctions

are connected in series with a periodic voltage drive. In particular, this setup allows us to

pinpoint a fundamental di�erence between thermal and electrical noises and the qualitatively

di�erent behaviors it induces. Then we show how to synchronize a superparamagnetic tunnel

junction to another one. Finally we investigate the mutual synchronization of abstract bistable

stochastic oscillators. These results illustrate the variety and richness of synchronization phe-

nomena relative to stochastic oscillators. Many synchronization-based computing schemes

exist but they are designed for harmonic periodic oscillators, they need to be re-invented and

adapted to stochastic oscillators, which opens broad perspectives for this work.
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Bio-inspired computing schemes based on the synchronization of networks of coupled oscillators
are diverse and it is not clear yet which ones will be appropriate to be implemented with superpara-

magnetic tunnel junctions. In consequence, it is necessary to investigate the different synchronization
phenomena that can arise when two superparamagnetic tunnel junctions are coupled to each other.

We study two major types of synchronization: synchronization of junctions to an external drive and
synchronization between junctions.

In Section 4.1, we study the synchronization of two coupled junctions to an external voltage drive.
In Section 4.2, we study the synchronization of one junction to another junction.
In Section 4.3, we study the mutual synchronization of two junctions to each other.

4.1 Synchronization of electrically coupled junctions to an exter-
nal voltage drive

To be able to synchronize large networks of oscillators, it is necessary to couple these oscillators to each
other. Themost convenient coupling to implement with superparamagnetic tunnel junctions is electrical
coupling, which can be achieved by simply connecting the junctions together. Dipolar coupling between
junctions is more challenging because its strength depends on the distance between the devices, which
cannot be tuned once the system is built. However, in further work, it would also be interesting to study
how the dipolar coupling between junctions close to each other can affect their synchronization.

We use our model to study theoretically the synchronization of coupled oscillators. We consider two
identical junctions connected in series with a square periodic drive voltage, as depicted in Figure 4.1. The
voltages V1 and V2 applied to each junction depend on the states of both junctions:

V1,2 = Vac
R1,2

R1 +R2
, (4.1)

where R1,2 are the respective resistances of the junctions. In consequence the state of each junction
influences the voltage across the other junction, which correspond to an electrical coupling. When the
pinned layer of junction 1 is connected to the free layer of junction 2, we call the junctions head to tail.
On the contrary, when the pinned layer of junction 1 is connected to the pinned layer of junction 2, we
call them head to head.

4.1.1 Thermal noise induced synchronization

In this sectionwe study the case where only thermal noise is involved.We consider two identical junctions
which electrical resistances are such thatRAP = 4RP , withRAP (RP ) the resistance corresponding to
the AP (P) state. The corresponding tunnel magnetoresistance ratio is TMR = RAP−RP

RP
= 300%. We

apply a square periodic voltage of frequencyFac = 10kHz and amplitude Vac = 1.5V to the junctions.
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Figure 4.1: Schematic of the circuits for the two possible configurations: (a) head to tail and (b) head to
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temperatures at which P2 = 0.99, P3 = 0.01, P3 = 0.99, P4 = 0.01 and P5 = 0.01.
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4.1.1.1 Junctions connected head to tail

The numerical simulation is conducted in the same way as the single junction study in Section 3.3. A
random number is generated for each junction. If both junctions have a random number lower than
their switching probability, the precise times of switching corresponding to each random number are
computed. Two cases arise:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. Either the times of switching are separated by less than 1 ns and both junctions switch simultane-
ously (1 ns is the typical duration of a switch [273]).

2. Either the times of switching are separated by more than 1 ns, in which case the junction with
the lowest switching time switches first. Then the switching time of the other junction has to be
recomputed, because its switching probability is different now that the first junction has switched,
modifying the applied voltage.

The frequencies of both junctions are plotted in black in Figure 4.2. They are superimposed for all tem-
peratures. The plateau at the frequency of the drive, characteristic of synchronization, is present between
T = 111K and T = 170K. Surprisingly, we observe the existence of a second plateau at half the fre-
quency of the drive, between T = 40K and T = 68K . Figure 4.3 A presents the evolution with time
of the voltage drive and the resistances of both junctions. In panels (d), (e) and (f) the temperature is
130K which corresponds to the plateau at the drive frequency. As expected, both junctions are locked in
phase with the drive. In panels (a), (b) and (c) the temperature is 60K which corresponds to the plateau
at half the drive frequency. We observe that, at each period of the drive, one junction is locked in phase
with the drive while the other is blocked in the P state. The phase-locked junction alternates randomly
from period to period.

To get a quantitative understanding of this phenomenon we define six different probabilities which cor-
respond to the possible switching probabilities of the junctions for the different drive and resistances
configurations:
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. P1 = PAP→P (−4V
5 )

2. P2 = PAP→P (−V
2 ) = PP→AP (+V

2 )

3. P3 = PP→AP (+V
5 )

4. P4 = PP→AP (−V
5 )

5. P5 = PAP→P (+V
2 ) = PP→AP (−V

2 )

6. P6 = PAP→P (+4V
5 )

When both junctions are in the same state, a voltage Vac2 is applied to each. When they are in different
states, 4Vac

5 is applied to the junction in the AP state while Vac5 is applied to the junction in the P state.

Therefore, P1 and P6 correspond to the switching probabilities of a junction in the AP state when the
other junction is in the P state. P3 and P4 correspond to the switching probabilities of a junction in the
P state when the other junction is in the AP state. P2 and P5 correspond to the switching probabilities
when both junctions are in the same state, P or AP.

In Figure 4.2 the frequencies of junctions 1 and 2 as well as the probabilitiesP2,P3,P4 andP5 are plotted
versus temperature. The probabilities P1 and P6 do not appear on this graph as P1 ' 1 and P6 < 0.01

within the studied temperature range. Figure 4.3 B illustrates the switching cycles of both junctions.

The plateau at half the drive frequency can be interpreted as follows and depicted in Figure 4.3 B. We use
the following example as a starting point: the drive voltage is+V = 1.5V and both junctions are in the P
state. (A similar reasoning can bemade for any other initial conditions.) Figure 4.2 shows thatP2 > 0.99

in this temperature range. Therefore, both junctions have a high probability (P2) to switch in the AP
state in the following half period Tac

2 . One junction switches to the AP state as shown in Fig. 4.3 A. The
switching probabilities are P6 for the junction in the AP state and P3 for the junction in the P state. As
both probabilities P6 and P3 are below 0.01 in this temperature range, both junctions remain in their
state until the next switch of the drive, depicted by the "T = 60K" arrow in Figure 4.3 B. When the
drive switches from +V to−V the switching probabilities become P1 for the junction in the AP state
and P4 for the junction in the P state. As P4 < 0.01 while P1 > 0.99 in this temperature range, the
junction in the AP state switches to the P state. Both junctions are in the P state with a switching proba-
bility of P5 < 0.01: they remain in their state until the next switch of the drive. Then, their switching
probabilities become P2 and the cycle starts again. To summarize, at each oscillation cycle of the drive,
one random junction is locked in phase with the drive while the other is blocked in the P state, leading
to a mean frequency of Fac2 for both junctions. This is shown on the the "Temperature = 60K" panel of
Fig. 4.3 A.

For 111K < T < 170K, P3 is larger than 0.99. Considerations similar the the study of the 40− 68K
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range, depicted in Figure 4.3B, show that both junctions are locked in phase with the drive. This gives
rise to the frequency plateau at Fac and is shown on the "Temperature = 130K" panel of Figure 4.3 A.
P5 is the probability to phase-unlock with the drive, both when the drive is in the +V and−V states
(Fig.4.3 B). For temperatures above 170K,P5 is larger than 0.01 so glitches appear and synchronization is
destroyed.

4.1.1.2 Junctions connected head to head

We now consider that junction 2 is connected head to head with junction 1. In that case, the voltage ap-
plied to the junction, and governing the probabilities is V2 = −Vac R2

R1+R2
. We observe in Figure 4.2 (a)

that the frequencies of junctions 1 and 2 – plotted in grey – are equal at all temperatures. The frequency
of the junctions increases with the temperature. Contrary to the case where the junctions are head to
tail, a single plateau at the drive frequency Fac is observed, between T = 40K and T = 126K . Panels
(g), (h) and (i) of Figure 4.3 A shows the evolution with time of the voltage drive, and the states of junc-
tions 1 and 2, for a temperature of T=75K. This regime corresponds to the plateau and we observe that
junction 1 is locked in phase with the drive while junction 2 is locked in anti-phase with the drive. These
results can be interpretedwith the same reasoning as in the head to tail case and as depicted in Figure 4.3 B.

4.1.1.3 Conclusion

This studyhas enabledus to observe an expectedphenomenon – the synchronization of the two junctions
to the external drive – as well as an unexpected phenomenon – the plateau at half the drive frequency
where the junctions block each other. The plateau at half the drive frequency corresponds to a strongly
coupled regime: the state of one junction can fully determine the state of the other. On the contrary, the
plateau at the drive frequency corresponds to a weakly coupled regime: the junctions have little influence
on each other and synchronize to the drive as in the single junction case.

Coupling several stochastic oscillators can improve their noise-induced synchronization to a drive, as
has been shown in several systems1, such as arrays of generic nonlinear elements [118–120] or linear
chains of diffusely coupled diode resonators [121]. However this is not the case for electrically coupled
superparamagnetic tunnel junctions.On the contrary, the strong coupling at low temperature candecrease
the synchronization range to the profit of theFac/2plateau (in the case ofhead to tail connections).While
this effect of coupling can be seen as disappointing for the prospect of synchronizing many junctions to a
drive, it also gives rise to interesting new physics. Furthermore, in the following Section 4.1.2, we will see
that the strong coupling between junctions provides the opportunity to study fundamental differences
between synchronization induced by thermal and electrical noises.

1Note however that theseworks focus on the noise-induced signal power amplification anddonot study the effect of coupling
on the frequency plateau
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Figure 4.3:MATLAB simulations. A: Panels a, b and c represent the temporal evolution – at a temper-
ature of T = 60K – of the amplitude of drive voltage Vac (c), the state of junction 1 (b) and
the state of junction 2 (a) when the junctions are head to tail. Panels d, e and f represent the
temporal evolution – at a temperature of T = 130K – of the amplitude of drive voltage Vac
(f), the state of junction 1 (e) and the state of junction 2 (d) when the junctions are head to
tail. Panels g, h and i represent the temporal evolution - at a temperature of T = 150K - of
the amplitude of drive voltage Vac (g), the state of junction 1 (h) and the state of junction 2
(i) when the junctions are head to head.
B: Schematic depictionof the switching cycles that junctions 1 and2undergo.The grey rectan-
gles represent the two junctions with their respective state (P or AP). For each configuration,
the probability to switch during Tac2 is indicated on the left of each junction. Blue disks indi-
cate the state of the drive voltage (+V or−V ). Blue horizontal arrows represent switches of
the drive while curved vertical arrows represent switches of the junctions. The probability of
each switch is indicated on the arrow. When the junctions are head to head, the top junction
is 1 and the bottom junction is 2.
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circles. In the case where both junctions are head to tail the symbols are black whereas in
the case where the junctions are head to head the symbols are grey. The drive frequency Fac
as well a half the drive frequency Fac

2 are represented by black horizontal lines. The average
probabilities to switch during Tac

2 , P1, P2, P3, P4, P5 and P6 are represented by solid lines
of color from purple to light orange. The dashed vertical lines represent the electrical noise
levels at which P2 = 0.99, P3 = 0.99, P5 = 0.01 and P6 = 0.01.

In section 4.1.3,we use further numerical simulations and our analyticalmodel to investigate the influence
of the tunnel magneto-resistance and the drive frequency on the existence and width of the plateaus. We
observe that a high tunnel magneto-resistance widens the plateau at Fac/2 and narrows the plateau at
Fac. A 300%TMR is a good illustration of the effect of the coupling while maintaining a realistic tunnel
magneto-resistance. A drive frequency of Fac = 10kHz enables the system to exhibit two significant
synchronization plateaus, at Fac and Fac/2.

4.1.2 Electrical noise induced synchronization

In this section, we now control synchronization by injection of electrical noise. Contrary to the single
junction case, we show that, in the two junctions case, electrical noise induces a behavior qualitatively
different from the one induced by thermal noise. We consider two identical junctions with a tunnel
magneto-resistance of TMR = RAP−RP

RP
= 100%. As shown in section 4.1.3, this is high enough to

have a signal that can be detected easily and low enough to exhibit a significant synchronization plateau.
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The switching probabilities are the averaged probabilities 〈P1〉 to 〈P6〉 over all possible values ofN(t).

In Figure 4.4 the frequencies of junctions 1 (squares) and 2 (circles) are plotted – on the left axis – versus
the standard deviation of the noise distribution, both for the configurations where the junctions are head
to tail (black) and head to head (grey). The average probabilities 〈P2〉 (purple), 〈P3〉 (red), 〈P5〉 (orange)
and 〈P6〉 (yellow) are plotted – on the right axis – versus the standard deviation of the noise distribution.

4.1.2.1 Junctions connected head to tail

The black circles and squares in Figure 4.4 show that both junctions have the same frequency at all levels
of electrical noise.

One would expect to observe a frequency plateau at half the drive frequency in the range of electrical
noise for which 〈P2〉 > 0.99 and 〈P3〉 < 0.01. However, this is not observed, as shown in Figure 4.4.
This absence of plateau at Fac2 can be interpreted as follows. In the thermal noise study, the escape rates
are constant in time for a given temperature. The probability of switching at a given time is low but,
because it is sustained over a long time, the probability for one junction to switch eventually is high. The
situation is different when electrical noise is added on the drive. The distribution of the voltage from
the electrical noise is Gaussian, so high voltage value have a low but finite probability to occur. As the
noise is on the drive which is applied to both junctions, when a high value voltage occur, both junctions
have a probability to switch that is close to one. Thus high value voltage causes both junctions to switch
simultaneously.

Let us consider that both junctions are in the P state. When the drive switches to+V two cases arise:

1. A high value voltage occurs and both junctions switch simultaneously to the AP state.

2. No high value voltage occur and only one junction switches in the AP state while the other remains
blocked in the P state as explained in section 4.1.1.1.

As the noise level is increased, more high value voltages occur and thus more simultaneous switches of
the junctions occur. In consequence, the frequency of the junctions increases with electrical noise.

These observations pin down a fundamental physical difference between internal and external noise.

For 0.58V < σnoise < 0.84V the frequency of the junctions is equal to the drive frequencyFac. Indeed
〈P3〉 > 0.99 and 〈P5〉 < 0.01. Both junctions are synchronized with the drive, in the same way as in the
thermal noise study. Forσnoise > 0.84V, 〈P5〉 is larger than 0.01 so glitches appear and synchronization
is lost.
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Figure 4.5: Width in temperature of the synchronization plateauF = Fac , in function of theRAP /RP
ratio and the drive frequency.

4.1.2.2 Junctions connected head to head

Both junctions have the same frequency for all levels of noise. For 0.16V < σnoise < 0.72V the
frequency of the junctions is equal to the frequency of the drive Fac. The behaviors of both junctions
are the same as in the thermal noise study: junction 1 is locked in-phase while junction 2 is locked in
anti-phase with the drive. 〈P6〉 > 〈P4〉 so synchronization is lost when 〈P6〉 > 0.01, which occurs
when σnoise > 0.72V.

4.1.3 Effects of the tunnel magnetoresistance and the drive frequency

We study the effects of tunnel magneto-resistance and drive frequency on noise induced synchronization
of two superparamagnetic tunnel junctions, connected head to tail. Two identical superparamagnetic
tunnel junctions of energy barrier such that ∆E = 30kBT studied at T = 50K are submitted to a
periodic drive of amplitude V = 1.5Vc. The analytical model is used to compute the width in tempera-
ture of both synchronization plateaus, for various drive frequencies and magneto-resistance values. The
results are presented in Figure 4.5 for the F = Fac plateau and in Figure 4.6 for the F = Fac/2 plateau.

We observe that increasing the tunnel magneto-resistance widens the plateau atF = Fac/2 and narrows
the plateau atF = Fac. When the junctions are in different states, the ratio between the voltage received
by the junction in the AP state and the junction in the P state increases with theRAP /RP ratio, which
strengthens the coupling and favors theF = Fac/2 regime. ForRAP = RP there is no tunnel magneto-
resistance and the plateau at F = Fac/2 is absent. The effect of drive frequency is non-monotonous.
Drive frequencies too high compared to the natural frequency of the junctions (which depends on the
energy barrier) prevent the apparition of synchronization plateaus. On the other side, as temperature
increases the frequency of the junction, lowering the drive frequency narrows the temperature range
which can induce synchronization.
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Figure 4.7: Width in noise of the synchronization plateau F = Fac, in function of theRAP /RP ratio
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The same study is conducted in the case of synchronization induced by electrical noise. Figure 4.7 presents
the influence of drive frequency and tunnel magneto-resistance on the width of the synchronization
plateau at Fac. We observe that the plateau is widest for low magneto-resistances and high drive frequen-
cies. Numerical simulations show that no synchronization plateau can be observed at Fac/2, no matter
the value of the magneto-resistance.

In consequence, the qualitative behavior of the system can be tuned by choosing the tunnel magneto
resistance ratio of the junctions. If one wants to synchronize both junction to the external drive, then it is
best to choose low values of the tunnel magneto resistance. On the contrary, if one wants to strengthen
the effects of the coupling between the junctions and observe phenomena such as the plateau at half the
drive frequency, then one should choose higher values of the tunnel magnetoresistance.
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4.1.4 Synchronization of two junctions of different sizes

We are interested in the case where the two junctions have different sizes and thus different energy barriers
and natural frequencies. Figure 4.8 illustrates various cases, computed through Cadence numerical simu-
lations. Indeed theCadence platforms allows to change easily the properties of the components. A square
periodic drive of frequency Fac = 100kHz and amplitude Vac = 1.5V is applied to two electrically
coupled junctions connected head to tail (as described in Section 4.1).

Figure 4.8 plots the frequency F1 (up triangles) of the first junction and the frequency F2 (down tri-
angles) of the second junction as functions of the temperature. Both junctions have a critical voltage
Vc = 1V. The energy barrier of the first junction varies from ∆E1 = 5kBT to ∆E1 = 15kBT , each
color corresponds to a different energy barrier value.

Two phenomena have to be considered, depending on the temperature range:

Strongly coupled regime (at low temperature)

When the two junctions are identical, they both exhibit a plateau at half the drive frequency. On the con-
trary, when the junctions have different energy barriers they each exhibit a plateau at different frequencies.
The junction with the lowest energy barrier has the highest natural frequency and therefore has a plateau
at the highest frequency. We observe that a junction of fixed energy barrier (here junction 2 always has
∆E2 = 15kBT ) can exhibit a plateau at various frequencies, depending on the junction it is coupled
with. Choosing the size of junction 1 here allows to tune the frequency of the plateau of junction 2.

Weakly coupled regime (at high temperature)

Concerning the plateau at the frequency of the drive two cases are observed:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. The natural frequencies of the junctions are too different. Then each junction exhibits a plateau
at the drive frequency but the temperature ranges of their synchronization are disjoint. In conse-
quence the two junctions are never in-phase. This configuration is illustrated by the green curves on
Figure 4.8 which corresponds to ∆E1 = 5kBT (then F1

F2
' 24). The highest frequency junction

(here junction 1) is synchronized with the drive for lower temperatures than the lowest frequency
junction (here junction 2).

2. The natural frequencies of the junctions are close enough. Then there is a temperature range
fromwhich both junctions are synchronized with the drive. They are in-phase. This configuration
is illustrated by the pink, red, orange, purple and black curves, which correspond to 10kBT <

∆E1 < 15kBT (then 1 < F1
F2
< 150).
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Figure 4.8: Cadence simulations. Frequency of the junction versus the temperature. The frequency is
normalized by the drive frequency Fac = 100kHz. The black horizontal line represents the
drive frequencyFac. Triangles: two coupled junctions of different energy barriers. The energy
barrier of the second junction is fixed:∆E2 = 15kBT . Each color corresponds to a different
energy barrier value of the first junction: ∆E1 = 5 (green), ∆E1 = 10 (pink), ∆E1 = 12
(red), ∆E1 = 13 (orange), ∆E1 = 14 (purple) and ∆E1 = 15 (black). The up triangles
are for the first junction (F1) and the down triangles for the second junction (F2).

4.1.5 Conclusion

We have shown how to use noise to control the synchronization of two electrically coupled superpara-
magnetic tunnel junctions to a voltage drive. This is possible even when the two junctions have natural
frequencies orders of magnitude apart, which is a huge advantage over traditional synchronization. Syn-
chronization can be achieved both by thermal and electrical noise.
Furthermore, we have observed an unexpected phenomenon – the presence of the half frequency plateau
– and investigated how it pin-points a fundamental difference between thermal and electrical noise.
These results illustrate the complexity of noise-induced synchronization of superparamagnetic tunnel
junctions and the variety of phenomena that can be induced by tuning the topology of the circuit and
the parameters of the devices.

4.2 Master-slave type synchronizationof two superparamagnetic
tunnel junctions

After studying the synchronization of two superparamagnetic tunnel junctions to a drive, we move on
to the synchronization of junctions to each other, in the absence of external drive. First, we investigate
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how to synchronize one junction to another junction.

In Chapter 3,we showed how a stochastic square voltage could drive a superparamagnetic tunnel junction
(as expected from the caclulations byNeiman et al. [76]). As a junction generates a square stochastic signal,
we can also synchronize a junction (the slave) to an other junction (themaster).Whether synchronization
is achievedornotdepends on the values of the switching rates of the slave junction.Wedefine the following
switching rates:

φP (P ) = ψ0 exp

(
− ∆E

kBT

V (P )

Vc

)
(4.2)

φP (AP ) = ψ0 exp

(
− ∆E

kBT

V (AP )

Vc

)
(4.3)

φAP (P ) = ψ0 exp

(
∆E

kBT

V (P )

Vc

)
(4.4)

φAP (AP ) = ψ0 exp

(
∆E

kBT

V (AP )

Vc

)
(4.5)

where φP (AP ) (resp. φP (P )) is the switching rate of the P state of the slave junction when the master
junction is in the AP (resp. P) state, φAP (AP ) (resp. φAP (P )) is the switching rate of the AP state of
the slave junction when the master junction is in the AP (resp. P) state, ψ0 = φ0 exp

(
− ∆E
kBT

)
and

V (P ) (resp. V (AP )) is the voltage across the slave junction when the master junction is in the P (resp.
AP) state.

For synchronization to be achieved, one needs:

∣∣∣∣∣∣
1. The switching rates from the phase-locked state φP (P ) and φAP (AP ) to be weak.

2. The switching rates from the phase-unlocked state φP (AP ) and φAP (P ) to be strong.

This can only be verified if φP (P ) and φAP (AP ) are inferior to φP (AP ) and φAP (P ). In particular,
this requires that:

φP (P ) = exp

(
− ∆E

kBT

V (P )

Vc

)
< φAP (P ) = ψ0 exp

(
∆E

kBT

V (P )

Vc

)
(4.6)

which implies that V (P ) > 0 and

φAP (AP ) = ψ0 exp

(
∆E

kBT

V (AP )

Vc

)
< φP (AP ) = ψ0 exp

(
− ∆E

kBT

V (AP )

Vc

)
(4.7)

which implies that V (AP ) < 0.

Qualitatively, these results can be understood as follows. The master junction needs to behave as square
stochastic signal able to drive the slave junction, i.e. the signal emitted by the master junction should
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Figure 4.9: (a) Circuit: two superparamagnetic tunnel junctions are connected to a voltage source V0. A
current I0 is injected between the two junctions. (b) State of the junction 1 (master) versus
time. (c) State of the junction 2 (slave) versus time.

change sign at each reversal. This condition is mathematically expressed as:

V (P )× V (AP ) < 0. (4.8)

When powered by a constant positive (resp. negative) voltage, the master junction emits a current which
oscillates between two positive (resp. negative) values. In consequence, this current has to be re-centered
on zero, which can be done through a bias current.

We propose a circuit, described in Figure 4.9 (a), which fulfills equation 4.8. Two junctions are con-
nected in a head to head configuration and powered by a dc-voltage source V0 = 100 mV. A dc-current
I0 = −350 µV is injected between the two junctions. Figures 4.9 (b) and (c) present the time evolution
of the states of the master and slave junctions. these results were obtained through numerical simula-
tions with the Cadence Spectre simulator (see Chapter 2). Both junctions have an energy barrier so that
∆E/kBT = 5 and resistances RP = 300 Ω and RAP = 500 Ω. The critical voltage of the master
junction Vc,M = 500 mV is much higher than the slave junction’s Vc,s = 10 mV. For these parameters,
the slave junction is phase-locked to the master junction.

This analysis shows that synchronization of a superparamagnetic tunnel junction to anotherone is feasible.
However this requires designing junctions with the required parameters. Furthermore, the dc-current
source consumes a lot of power.
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4.3 Mutual synchronization of stochastic oscillators

Achieving mutual synchronization of oscillators is a key building block for synchronization-based com-
puting. Indeed, inmany of these computing schemes, the goal is to selectively synchronize together groups
of oscillators in the network. The difficulty resides in determining the appropriate couplings between
the oscillators giving rise to such synchronization groups and in implementing these couplings. In this
section we investigate how to mutually synchronize two coupled superparamagnetic tunnel junctions.

The behavior of a superparamagnetic tunnel junction is driven by its switching rate, which is of the shape
K exp(X).K = φ0 exp

(
∆E
kBT

)
is its natural switching rate andX is a variable which sign and value

depends on the state of the junction as well as the voltage andmagnetic field applied to it. In consequence,
in a circuit of coupled junctions,X depends on the states of each junction and expresses how they are
coupled to each other.

Finding the appropriate electrical circuit to implement given couplings between junctions (i.e. given
values ofX ) is a significant work in itself. Here, we suppose that any coupling can be implemented and
focus on investigating which couplings and systems enable the mutual synchronization of stochastic
oscillators. This work can directly be applied to superparamagnetic tunnel junctions as well as to other
types of bistable stochastic oscillators.

A natural idea when trying to achieve mutual synchronization of two oscillators would be to assume
a simple synchronizing coupling between them. Figure 4.10 presents two identical bistable stochastic
oscillators coupled so that their switching rates are:

∣∣∣∣∣∣
1. K exp(−S)when they are in the same state ("0" or "1").

2. K exp(+S)when they are in different states.

Where K is their natural switching rate and S is a constant corresponding to the coupling from one
oscillator to the other. For the coupling to be synchronizing, S should be positive.

The switching cycle goes as follows:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. At first the oscillators are in-phase (i.e. in the same state) – as depicted in Figure 4.10 (a). Their
switching rate isK exp(−S). S is positive so this rate is low: the state of the system is stable.

2. After a while, one of the oscillators will switch out of phase, making the switching rateK exp(S),
which is high (Fig. 4.10 (b)). This state is unstable.

3. One of the oscillators will switch within a short time in order to get back in phase. However, both
oscillators have the same probability to switch.

Thismeans that the "synchronized switches" (one oscillator switches and is promptly followedby the other
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Figure 4.10: Two coupled oscillators are represented by the colored circles. The switching rates of the os-
cillators are indicated at each stage. The fonts should be read as follows: red means a high
switching rate while green means low switching rate. The time evolution of the two oscilla-
tors are sketched for both paths (a)→ (b)→ (c) and (a)→ (b)→ (d).

– Fig.4.10 (c)) are as frequent as the "glitches" (one oscillator does one full short oscillation – Fig. 4.10 (d)).

The fact that Poisson processes have no history prevents the straightforward mutual synchronization of
stochastic oscillators. As a consequence, we propose an alternative system enabling mutual synchroniza-
tion, depicted in Figure 4.11. Three stochastic oscillators are now considered: oscillator 1, oscillator 2 and
the "buffer". The switching rate of oscillator j is:

φj = K exp〈 −
∑
i 6=j

Ci,j〉 (4.9)

WhereCi,j is the coupling from oscillator i to oscillator j. The indexes are i, j = (1, 2, B). Oscillators 1
and 2 have a symmetric synchronizing coupling:

C1,2 = C2,1 = +S. (4.10)

The coupling from the oscillators 1 and 2 to the buffer is synchronizing:

C1,B = C1,B = +S. (4.11)
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The coupling from the buffer to oscillators 1 and 2 is anti-synchronizing:

CB,1 = CB,2 = −S. (4.12)

Figure 4.11 describes the mechanism leading to the synchronization of oscillators 1 and 2. The synchro-
nization cycle goes as follows2:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1. All are in the same state. All switching rates are low, the system is stable (Fig. 4.11 (a)).

2. After a while oscillators 1 switches. The switching rate of oscillator 2 is high (Fig. 4.11 (b)).

3. Oscillator 2 switches. The switching rates of both oscillators 1 and 2 are low while the buffer’s is
high (Fig. 4.11 (c)).

4. The buffer switches. All three are back in the same state and the cycle can start again (Fig. 4.11 (d)).

The buffer acts as a memory of the system. It keeps the current state and prevents the first oscillator which
switches to switch again in a glitch.

Figure 4.12 presents numerical simulation results of the time evolution of the three oscillators. Oscillator
1 and 2 are mutually synchronized, through the buffer.

This systemallows themutual synchronization of stochastic bistable oscillators but this requires to control
the coupling between each couple of oscillators, which is not trivial in the case of superparamagnetic
tunnel junctions. One possible solution would to inject spin currents to the junctions through spin orbit
torque.

Conclusion

We have studied different types of interactions concerning synchronization of coupled stochastic oscilla-
tors: synchronization of two oscillators to an external drive,master-slave synchronization of one oscillator
to another andmutual synchronization of two oscillators through a third one. These results illustrate the
variety of noise-induced synchronization phenomena available with coupled stochastic oscillators and
will be useful for the implementation of computing schemes.
It is important to observe that noise-induced synchronization of stochastic bistable oscillators is very
different from classical synchronization of harmonic oscillators. It has both advantages (such as the low
energy cost, the rapidity of phase locking and the possibility to synchronize oscillators with very different
frequencies) and drawbacks (for instance mutual synchronization is achieved less naturally). In conse-
quence, the various computing schemes based on the synchronization of networks of oscillators have to

2In this cycle, oscillators 1 and 2 are interchangeable. The choice of oscillator 1 versus oscillator 2 at step 2 is random with a
50% probability. The cycle is the same whether oscillator 1 or 2 switches first.
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Figure 4.11: Mechanism of themutual synchronization of two coupled oscillators, through a buffer. The
orange circle represents the state of the buffer while the blue circles represent the states of the
oscillators 1 and 2. At each stage of the synchronization cycle (a, b, c and d) the switching rate
of each oscillator is indicated. The fonts should be read as follows. Red = high, green = low,
black = medium.

be re-invented in the framework of stochastic oscillators. This opens the path to exciting new research.

The study of the synchronization of two electrically coupled superparamagnetic tunnel junctions made
the object of a publication in Physical Review B [295].
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Chapter 5

Superparamagnetic tunnel junctions as
sensing neurons

I
n this Chapter, we draw an analogy between superparamagnetic tunnel junctions and

sensory neurons. We take inspiration from neuroscience works describing how to code and

decode information with populations of spiking Poisson neuron. In consequence, we show how

to build populations of superparamagnetic tunnel junctions to which theses methods can be

applied. We perform numerical simulations – based on the model presented in Chapter 2 – to

demonstrate that populations of superparamagnetic tunnel junctions can represent probability

distributions. Furthermore, we connect several populations and demonstrate that such a system

can achieve computing tasks such as learning and sensory fusion. We target one promising

application: intelligent sensory processing. These results are promising for the implementation

of sensors which process information themselves at a low energy cost. Furthermore, they open

the path to many other bio-inspired computing methods, with superparamagnetic tunnel

junction as neurons.
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Figure 5.1: (a) Sketch of the typical voltage emitted by a spiking neuron versus time. (b) Resistance of a
superparamagnetic tunnel junction versus time.

Neurons are brain cells which play an important role in information processing and computing.
They communicate via electrical signals. Specifically, some neurons emit voltage spikes. While

the amplitude of these spikes is fixed, the time intervals between them are stochastic (Fig. 5.1 (a)) [5, 69].
Many theoretical models describe neurons as Poisson oscillators [296, 297] and we can draw an analogy
between stochastic neurons which fire spikes with Poisson statistics and superparamagnetic tunnel junc-
tions which switch states with Poisson statistics (Fig. 5.1 (b)).

In this Chapter we investigate this analogy and show that superparamagnetic tunnel junctions can em-
ulate sensing neurons. Specifically we take interest in ensembles of neurons, called populations. First, in
this Section, we explain how to implement the appropriate populations of superparamagnetic tunnel
junctions.
The group of Alexandre Pouget at Rochester University (now at Université de Genève) studied exten-
sively how to encode information with population of Poisson neurons [298–300]. Specifically it showed
how to perform Bayesian inference and simple sensory fusion with such populations. In Sections 5.2 and
5.3 we show how to adapt and apply these results to superparamagnetic tunnel junctions.
In Section 5.4 we propose a principle of bio-inspired intelligent sensor composed of superparamagnetic
tunnel junction as sensing neurons. We show that it can perform learning and complex sensory fusion.

5.1 The superparamagnetic tunnel junction as a Poisson neuron

5.1.1 Tuning curve of the superparamagnetic tunnel junction

Just as superparamagnetic tunnel junctions, spiking neurons fire with a fixed average rate. Many models
propose that information is encoded by this firing frequency. Specifically, it has been observed that the
frequency of sensory neurons varies with the value of the stimulus they receive [301, 302]. For example,
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some neurons connected to the retina are sensitive to the orientation of the object which is observed (Fig.
5.2 (a)) [303–305]. Other sensory neurons (ex: neurons connected to the ear) as well as motor neurons
(ex: controlling the direction of eye, head or arm motion) function similarly. The shape of the firing
frequency versus the stimulus value is called a tuning curve and varies with the different neuron types.
Many tuning curves are bell-shaped (as the one plotted in Figure 5.2 (a)) or sigmoidal.

In an electric circuit connected to a sensor, the stimulus will typically be a voltage. Figure 5.2 (b) shows
how the frequency of a superparamagnetic tunnel junction varies with the value of the voltage applied
across the junction. The tuning curve of the junction is a bell-shape curve as well:

F =
F0

cosh
(

∆E
kBT

V
Vc

) , (5.1)

where
F0 =

1

2τ0 exp
(

∆E
kBT

) . (5.2)

The peak of the tuning curveF0 is determined by the value of the attempt time τ0 = 1ns, and the energy
over temperature ratio∆E/kBT . The width of the tuning curve is determined by the value of ∆E

kBT
1
Vc
.

Just as a neuron with a bell-shaped tuning curve, the superparamagnetic tunnel junction has a preferred
stimulus for which its frequency is maximal (F = F0). When the junction is unbiased, the preferred
stimulus is Vdc = 0V .

The fact that superparamagnetic tunnel junctions exhibit tuning curves similar to the ones of sensory
neurons is a key ingredient for achieving computing with these devices. As will be seen in this Chapter,
many computing methods involving sensory neurons are based on the expression of their tuning curves.
In consequence we will be able to directly apply these methods to superparamagnetic tunnel junctions.

5.1.2 Implementing a population of neurons

One of the proposed mechanisms potentially used by the brain to tackle variability, stochasticity and cell
death is redundancy: information is coded not just by one neuron but by an assembly of neurons [197]
(Figure 5.3 (a)). The ensemble ofmethods using assemblies of neurons for computing is called population
coding. In the models investigated hear, all the neurons in the population have tuning curves of the same
shape but each neuron prefers a different stimulus. For example each neuron connected to an eye will
respondmore strongly (i.e. oscillate at its maximal frequency) to a specific orientation. The tuning curves
then act as a set of basis functions which cover the wide range of orientations, and can be used to encode
information and to perform computations.

We want to design a population of superparamagnetic tunnel junctions in which each junction is tuned
to a different voltage value, as shown in Figure 5.3 (b). Symbols in Figure 5.3 (b) show an experimental
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Figure 5.2: (a) Firing frequency of a spiking neuron linked to the eye of a monkey versus the orientation
of an observed object. From [305]. (b) Frequency of a superparamagnetic tunnel junction
versus the applied voltage.

realization of a population of five (nominally identical) superparamagnetic tunnel junctions (type B sam-
ples). Each curve has been artificially shifted differently along the voltage axis. Fits of the experimental five
tuning curves with Equation 5.1 (using Vc = 150mV and ∆E/kBT ranging from 18 to 19.5 depend-
ing on the junction) are shown as lines in Figure 5.3 (b). Several implementations of this population of
superparamagnetic tunnel junctions are possible.

A straightforward solution is to use individual voltage biases or a dedicated electronic circuit. The fre-
quency of each junction would then be:

F =
F0

cosh
(

∆E
kBT

V−Vbias
Vc

) . (5.3)

However we also propose an alternative approach, based on spin-orbit torques. In that case, the junctions
should be grown from the free layer to the pinned layer, on top of a heavy metal underlayer with variable
width, as shown in Figure 5.3 (c). When a current ISOT is injected in the underlayer, spin-orbit torques
influence the magnetization of the free layer and modify the spin transfer term in the expression of the
switching rates [222]. This is equivalent to biasing the tuning curve with a voltage proportional to the
current density in the metallic layer. As the width of the metallic layer is different for each junction, the
effective bias is different. The stimulus is applied through spin-transfer torque (STT) by a voltage VSTT
shared by all junctions. The frequency of a junction located above an underlayer of widthw is:

F =
F0

cosh
(

∆E
kBT

(
VSTT
Vc,STT

+
d tj ISOT
w tu Ic,SOT

)) . (5.4)

In this expression, VSTT is the voltage stimulus, applied through a common voltage to all the junctions.
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Figure 5.3: (a) An eye (sensor) observes a target with variable orientation. Five sensory neurons (junc-
tions) are connected to the eye. (b) Frequency versus voltage for five nominally identical su-
perparamagnetic tunnel junctions. Symbols are experiments, and the lines are fits with Eq.
5.1. The black curve corresponds to the natural tuning curve of a junction while the green,
red, purple and blue curves correspond to shifted junctions. (c) Possible implementation of
such a population. The junctions are on a metallic layer of variable width. A current flows
through this layer and biases the junctions via spin orbit torque. The stimulus is applied by a
common voltage to all junctions.

Vc,STT is the critical voltage linked to spin transfer torque, d is the diameter of the junction, tj is the
thickness of its free layer and Ic,SOT is the critical current linked to spin orbit torque. Through spin orbit
torque, the injected current in the underlayer ISOT induces a shift of the tuning curve F (V,w), which
depends on the width w of the heavy metal underlayer and its thickness tu. Choosing carefully the shape
of the underlayer then allows shifting differently each junction and building a population of junctions
all tuned to different voltages.

Conclusion

Superparamagnetic tunnel junctions can emulate sensory neurons. It is possible to bias the junctions in
order to form a population of neurons, which respond not to a preferred value of the stimulus but to the
whole possible range of stimulus. In order to use this for computing, the first task is to investigate how to
code and decode information with a population of junctions.

5.2 Coding and decoding - Bayesian interpretation

When a population of neurons is submitted to a stimulus, each neuron fires spikes at a different average
frequency (according to their tuning curve). If the population is observed for a given time duration, one
can count the spikes of each neuron. The number of spikes of a neuron is called its activity. The infor-
mation about the stimulus is thus encoded by the activity of the whole population. How to decode the
activity of a neural population has been widely studied andmanymodels have been proposed [298, 306–
308]. A straightforward and bio-realistic way to get the value of the stimulus back from the population
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is to perform an average of the preferred stimuli, with the individual activities of the neuron as weights
[306, 307]:

s =

∑N
i=1 µiri∑N
i=1 ri

, (5.5)

where s is the stimulus,N is the number of neurons, µi is the preferred stimulus of the i-th neuron and
ri is its observed number of spikes.
However the spiking process is intrinsically stochastic. This method thus gives the most probable result.
More advanced techniques allow to access the probabilities of all possible results.

5.2.1 Bayesian interpretation

Pouget et al., have proposed an elegant interpretation of population decoding as a Bayesian inference
[309]. This mathematical framework is valid for Poisson neurons with tuning curves of the exponential
family (Gaussian function, sigmoid functions etc.). Here we focus on Poisson neurons with Gaussian
tuning curves. We present the theory and show how it can be adapted to superparamagnetic tunnel
junctions.

As the response of the neurons is probabilistic, the right question should not be "what is the value of
the stimulus?" but rather "what is the probability density of the possible values of the stimulus, know-
ing we have observed this activity?". In mathematical terms this is equivalent to looking for P (s|r).
Here r = r1...rN is the activity vector, composed of the individual activities of theN neurons of the
population.

We consider neurons the activities of which follow a Poisson law. Therefore the probability to observe an
activity ri for the i-th neuron when submitted to a stimulus s is

P (ri|s) =
exp (−g fi(s)) (g fi(s))

ri

ri!
(5.6)

and the average number of spikes is
〈ri〉 = g fi(s). (5.7)

Here fi is the tuning curve of the i− th neuron and g is the gain. The gain is a positive number shared by
all neurons which can be chosen by the natural frequency of the neurons and the length of observation.
For Gaussian tuning curves the average number of spikes is

〈ri〉 = ∆T × F0 exp

(
−(s− µi)2

2σ2
0

)
, (5.8)

where∆T is the length of observation, F0 is the maximal frequency of the neurons and σ0 is the width
of the tuning curve. Here the gain is g = ∆T × F0.
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In the case of superparamagnetic tunnel junction, the Poissonian variable is the number of switches 1.
The average activity of a junction is

〈ri〉 = 2∆T
F0

cosh
(

∆E
kBT

s−µi
Vc

) . (5.9)

Here the gain is g = 2∆T × F0 and the stimuli s and µi are voltages. The schemes exposed in the
following paragraphs can be adapted from neurons to superparamagnetic tunnel junctions because 1

cosh

approximates a Gaussian function. We will discuss the validity of this approximation in Section 5.2.3

We make the assumption that the neurons are independent. Therefore

P (r|s) =

N∏
i=1

P (ri|s) . (5.10)

The Bayes’ theorem states that for every possible value s of the stimulus

P (s|r) =
P (s)

P (r)
P (r|s) . (5.11)

Here P (s) is the prior probability to have the value s for the stimulus. It describes knowledge about the
system a priori and can be conditioned by a model or previous observations. P (r|s) is the likelihood to
have the observed activity knowing that the stimulus has the value s.P (r) is the evidence.P (s|r) is the
posterior probability to have the value s for the stimulus. Bayes’ formula shows how our observation of
r updates the probability for the stimulus to have a value s from the prior to the posterior.

It can be shown (see Appendix C) that the posterior is calculated as

log (P (s|r)) = M +
N∑
i=1

(log (fi(s)) ri) (5.12)

whereM is a marginalization constant. This equation is valid if the following conditions are fulfilled:

∣∣∣∣∣∣∣∣∣∣∣

1. The prior is flat: P (s) = C , whereC is constant for all values of s.

2. The neural network does not favor any values of s:Σi=1..Nfi(s) = K , whereK is constant for
all values of s. For Gaussian tuning curves this is verified as long as the number of neurons is high
enough.

Knowing the tuning curves fi and observing the activities ri for each neuron, one can therefore calculate
to posterior probability density P (s|r). Figure 5.4 illustrate the coding-decoding operation for super-
paramagnetic tunnel junctions. The activity of each junction is plotted versus the preferred stimuli (Fig.

1The number of oscillations is thus Poissonian as well. Unless oscillation are easier to detect than switches (e.g. circuit with
only raising edge counter), it is preferable to use switches rather than oscillations since larger statistics lead to better precision.
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(a) (b) 

Figure 5.4:MATLAB simulations. (a) Number of switches versus the preferred voltages of the junc-
tions. (b) Probability density versus the value of the voltage.

5.4 (a)). This "noisy hill" can be decoded into the density probability in function of the stimulus value
(Fig. 5.4 (b)). Figures 5.4 (a) and (b) are two representation of the same physical quantity. This decoding
allows to have access not only to the most probable value of the stimulus but also to the precision of the
system (width of the distribution).

It can be proven (see [298] andAppendix C) that for a large number of neurons the posterior distribution
is approximately a Gaussian function:

P (s|r) =
1

σ
√

2π
exp

(
−(s− µ)2

2σ2

)
. (5.13)

With parameters such that their averages over many independent trials are:

〈µ〉 = s0 (5.14)

and

〈σ〉 =

√
∆µ σ0

g
√

2π
, (5.15)

where s0 is the real stimulus and∆µ is the spacing between the preferred stimuli.

The absolute precision is directly dependent on the gain. More precisely 1
σ2 ∝ g. The longer the length

of observation is and the faster the neurons are, the higher the gain and thus the higher the precision. For
a given range of possible values for the stimulus,∆µ = range

N . In consequence, the more neurons in the
population, the higher the precision. Everything that raises the total number of observed spikes increases
the precision.

Important note

The sensing process is intrinsically stochastic. The probability distribution P (s|r) gives the knwoledge
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Figure 5.5:MATLAB simulations. Probability density versus the value of the stimulus. Five indepen-
dent trials with the same stimulus are plotted in ten colors, as well as the average result (thick
black line).

on the stimulus than can be inferred from a specific trial, and therefore can vary from trial to trial. In
consequence one same stimulus will give different posterior distributions for different independent trials,
as illustrated in Figure 5.5. Each probability density is an exact inference. Here the stochasticity arises
from the process itself and not from an imprecision in the decoding.

5.2.2 Alternative decoding schemes

Calculating log (P (s|r)) = M +
∑N

i=1 (log (fi(s)) ri) performs the exact Bayesian inference on
the value of the stimulus. However, this method can be uneasy to implement by an electronic circuit.
Here we present two alternative decoding schemes. Both are based on the assumption that the posterior
distribution is a Gaussian. The decoding task then correspond to finding its parameters µ and σ.

5.2.2.1 Peak method

This method approximates the activity of each neuron by its average value. Moreover, it supposes that
the stimulus corresponds to the preferred stimulus of a neuron (the denser the population, the better the
approximation). One only needs to take into account the neuron with the most observed spikes. The
most probable value of the stimulus is the preferred stimulus of this neuron. The gain can be deduced
from the activity rmax of this neuron: g = rmax

∆T×F0
(or g = rmax

2∆T×F0
in the case of superparamagnetic

tunnel junctions). The precision σ is then computed by equation 5.15. This method is straightforward
but not very accurate, as shown in Fig. 5.6.
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Figure 5.6:MATLAB simulations. Error as compared to the exact inference versus the number of neu-
rons for (a) the most probable stimulus µ (b) the precision σ. Two methods are compared:
the peak (black) and the sum (red). Each data point is an average over 50 trials.

5.2.2.2 Summethod

Wehave developed amethodwhich is easier to implement than the exact inference but with no significant
loss of accuracy on the results (Fig. 5.6). We have shown (see Appendix C) that for a large number of
neurons

N∑
i=1

ri =
g σ0

√
2π

∆µ
(5.16)

N∑
i=1

µiri = s0
g σ0

√
2π

∆µ
. (5.17)

As a consequence we can extract the parameters of the Gaussian distribution as follows:

µ = s0 =

∑N
i=1 µiri∑N
i=1 ri

(5.18)

σ =
σ0∑N
i=1 ri

. (5.19)

Equation 5.18 is consistent with the intuitive weighted average which is often used. Figure 5.6 confronts
the results of the alternative decodingmethods to the exact inference. The errordecreaseswith the number
of neurons, which is expected since equations 5.13, 5.14, 5.15, 5.16 and 5.17 use an infinite number of neu-
rons approximation. The summethod is much more accurate than the peak method. As a consequence
we recommend to use this method.
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5.2.3 Validity of the model for superparamagnetic tunnel junctions as neu-
rons

The most important difference here between a superparamagnetic tunnel junction and a neuron is the
shape of the tuning curve. The tuning curve of the superparamagnetic tunnel junction is not exactly
Gaussian. We use the following simple approximation:

F =
F0

cosh
(

∆E
kBT

V−Vbias
Vc

) ' F0 exp

(
−(V − Vbias)2

2σ2
0

)
. (5.20)

Where
σ0 = α

Vc kBT

∆E
, (5.21)

with α a parameter to determine.

We test the validity of the coding for junctions which have the parameters∆E = 10kBT and Vc = 1 V.
This corresponds to a maximal frequency of F0 = 45kHz. The gain is g = 10. The preferred stimuli
of the junctions range between -1V and +1V. We submit a population of 100 junctions to a stimulus and
decode the activity in two ways:

1. Using the accurate tuning curve.

2. Using the approximate Gaussian tuning curve.

The error is the difference between the results of the Gaussian approximation and of the exact inference.
Figures 5.7 (a) and (b) respectively present the error on the precision σ and the most probable stimulusµ
versus the value of the parameter α. While the error on µ is constant with regards to α, σ varies strongly.
There is an optimal value of α ' 1.43which minimizes the error. In consequence this value should be
used when employing decoding techniques based on the Gaussian approximation (e.g. the summethod).

Figure 5.8 present the error as compared to exact inference versus the number of neurons. The error de-
creases when the number of neuron increases. Even for small populations the error on the most probable
stimulus µ is below one percent of the stimuli range. For large populations (more than a hundred junc-
tions) the relative error on the precision σ is only a couple percents. This validate the use of the presented
model for superparamagnetic tunnel junctions as stochastic neurons.

Conclusion

An assembly of superparamagnetic tunnel junctions used as a population of neurons can be connected to
a sensor an act as a stochastic decoder. As it converts an analog stimulus into a series of telegraphic signals
it also acts as a analog to digital random bitstream converter, which is useful for stochastic computing.



152 CHAPTER 5: SUPERPARAMAGNETIC TUNNEL JUNCTIONS AS SENSINGNEURONS

1 . 0 1 . 2 1 . 4 1 . 6 1 . 8 2 . 00

1 0

2 0

3 0

4 0

5 0

1 . 0 1 . 2 1 . 4 1 . 6 1 . 8 2 . 00 . 2

0 . 3

0 . 4

( b )

 

 

Err
or 

on
 th

e p
rec

isio
n (

%)

P a r a m e t e r  a l p h a

( a )

 

 

Err
or 

on
 th

e s
tim

ulu
s (

% 
of 

ran
ge

)
P a r a m e t e r  a l p h a

Figure 5.7: Error as compared to the exact inference versus the parameterα for (a) the precision σ (b) the
most probable stimulus µ. Each data point is an average over 50 trials. The input stimulus
was chosen randomly at each trial.
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Figure 5.8:MATLAB simulations. Error as compared to the exact inference versus the number of neu-
rons for (a) the most probable stimulus µ (b) the precision σ. Each data point is an average
over 50 trials. The input stimulus was chosen randomly at each trial. The value α = 1.43 is
used.
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The number of switches of superparamagnetic tunnel junction can encode Gaussian probability distri-
bution. This result is useful for the implementation of spintronic circuits that perform probability based
tasks such as Bayesian computing.

5.3 Sensory fusion

Very often, information we have about our environment is not collected by one but by several sensors (ex:
the eyes and the ears). Our brain has to merge the different sources of information, this is called sensory
fusion and is also a very important task for robotics.

5.3.1 Theoretical framework

The group of A. Pouget has shown that Poisson neurons can perform sensory fusion in a simple way
depicted in Figure 5.9 [298]. Let us suppose that we have two sensors -the eye and the ear - each connected
to a population of neurons. Both populations are identical. This means they have the same number of
neuronsN , the same shape of tuning curve (here Gaussian of width σ0) and the same set of preferred
stimuli µi. As a consequence, the neurons can be paired two by two: each pair corresponds to a preferred
stimulus and is composed of one neuron of each population. However, the gains geye and gear of each
population can be different.

It can be shown (see [298] and Appendix C) that:

P (s|reye, rear) ∝ P (s|reye + rear) ∝
N∏

1=1

fi(s)
reye,i+rear,i . (5.22)

Where reye,i (rear,i) is the activity of the i-th neuron connected to the eye (ear). This result means that
sensory fusion can be achieved by creating a virtual population, identical to the eye and ear populations.
The activity of each neuron of the virtual population is the sum of the activities of the corresponding
neurons in the eye and ear populations:

r = reye + rear. (5.23)

The activity of the virtual population can be decoded in the same way as a real population through the
methods described in section 5.2.1.

Figure 5.10 presents an example of sensory fusion with two populations of superparamagnetic tunnel
junction. Here the eye has a gain twice higher than the ear. The gain of the result of sensory fusion is the
sum of the gain of each sensors,as illustrated in Figure 5.10 (a):

g = geye + gear. (5.24)
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Visual 
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Figure 5.9: Mechanism of sensory fusion. Each color corresponds to a preferred stimulus value. The ac-
tivity of each population is indicated.



5.3 SENSORY FUSION 155

-10 -5 0 5 10
0

0.5

1

1.5

2

Stimulus

P
ro

b
a

b
ili

ty
 d

e
n
s
it
y

-20 -10 0 10 20

0

5

10

15

20

25

Preferred stimuli

N
u

m
b

e
r 

o
f 

sp
ik

e
s

(a) (b) 

Figure 5.10:MATLAB simulations. (a)Number of switches versus the preferred voltage of the junction,
for three networks: the eye (green squares), the ear (red circles) and the result of the fusion
(black stars). (b) Decoded probability density versus the stimulus for the eye (green), the ear
(red) and the result of the fusion (black).

As a consequence, sensory fusion achieves a better precision than the individual sensors:

1

σ2
=

1

σ2
eye

+
1

σ2
ear

. (5.25)

Where σ, σeye and σear are the precisions of the sensory fusion, eye and ear respectively. This can be
observed in Figure 5.10 (b): the probability density is more narrow for the sensory fusion than for each
sensor.

The most probable value for the stimulus after sensory fusion is an average of the most probable values
given by each sensor, weighted by their gains:

µ =
geye µeye + gear µear

geye + gear
. (5.26)

Where µ, µeye and µear are the most probable stimuli given by the sensory fusion, eye and ear respec-
tively. The gain encodes how trustworthy a sensor is. In the example in Figure 5.10 (b), the eye is more
trustworthy than the ear and therefore the most probable stimulus is closer to the result given by the eye.

5.3.2 Conflicting cues

While inmost cases the stimuli perceived by the different sensors will be very close, it can happen that they
are far enough for the activity curve to become bi-modal (Fig. 5.11 (a)). In this case, the exact inference still
gives a uni-modal Gaussian response verifying equations 5.25 and 5.26, as represented in Figure 5.11 (b).
This response is mathematically accurate, however it often does not describe the reality. Indeed if the two
sensors give completely different results it is likely that one of the sensors might not be working properly.
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Figure 5.11:MATLAB simulations. (a)Number of switches versus the preferred voltage of the junction,
for three networks: the eye (green squares), the ear (red circles) and the result of the fusion
(black stars). (b) Decoded probability density versus the stimulus for the eye (green), the ear
(red) and the result of the fusion (black).

In this peculiar situation, the summethod gives approximately the same result as the exact inference. The
peak method however chooses the highest of the two peaks and discard the other. The probability for
each peak to be chosen therefore depends on the gain of the sensor.

Conclusion

Poissonian devices make sensory fusion simple to implement. Nevertheless it is restricted to the fusion of
identical population, which is neither bio-realistic or practical for applications. We show how to tackle
this issue in Section 5.4.3.

5.4 Bio-inspired intelligent sensory processingwith superparam-
agnetic tunnel junctions

We have demonstrated that populations of superparamagnetic can represent probability distributions
and perform sensory fusion. We nowwant to leverage these results to performmore complex computing.
Many techniques, inspired from biology at more or less abstract levels, have been developed to perform
computing. In particular, connecting populations of artificial neurons by weighted links (analogous to
the biological synapses) allows a wide variety of computing tasks. Superparamagnetic tunnel junctions
are promising candidates for hardware implementation of such systems.

Specifically, we have identified a key application for superparamagnetic tunnel junctions as sensing neu-
rons: intelligent sensory processing. Indeed, our society sees the appearance of connected objects, based
on a wide variety of sensors, which collect, transmit and process data to assist us in our daily lives. For



5.4 BIO-INSPIRED INTELLIGENT SENSORY PROCESSING 157

fulfilling the full potential of this “Internet of things”, these objects should become much more efficient
than current implementations. A critical bottleneck in terms of energy cost is the transfer of information
between the sensors themselves and the chips processing their information [310]. An ideal solutionwould
be that the sensors themselves could process information themselves. However,with current technologies,
this approach is limited by the area of computing circuits [311]: several processing-capable sensors have
been designed, but, usually, they use the processing power only to extract important features in the sensed
signal [312]. Using smaller circuits based on nanoscale devices is an attractive lead: it would allow sensors
to perform advanced operations.

In consequence we propose a design of smart sensor processing unit using populations of superparamag-
netic tunnel junctions which emulate sensory neurons, as shown in the previous Sections. First, in this
Section, we show that the proposed system can perform learning. We use the example of a robotic task:
coordination between a sensor and a motor. Then, we show how this system is a building block for more
complex tasks: learning coordinate transformations (Section 5.4.2) and performing sensory fusion of
non-identical populations (Section 5.4.3).

5.4.1 Learning a robotic task

Here we propose to link different populations of stochastic magnetic tunnel junctions to realize sensory
processing. We first use the example of the robotic task of Figure 5.12: a robot observes a target with a
visual sensor and attempts to grasp it with a gripper. The sensor and the motor controlling the gripper
are each connected to a different population of junctions. The sensory junctions switch with frequencies
depending on the stimulus received by the visual sensor (i.e. the orientation of the target). On the other
hand, the frequencies of the motor junctions control the motor by setting the orientation of the gripper.
In order to achieve the grasping task, the sensory and motor populations need to be coordinated, even if
the sensory andmotor populations of junctions differ by their physical properties, or by the total number
of junctions. We now demonstrate that our intelligent sensory processor can learn this coordination
between a sensor and an actuator using methods inspired by neural networks.

5.4.1.1 Implementation of the learning process

In a biological neural network, neurons are connected by synapses, which transmit signals modulated in
an analogue way. Synapses in artificial neural networks are often realized as multiplicative weights stored
inmemory. Following Salinas andAbbott [307], we propose to connect the two populations of junctions
by a matrix of weightsWij such that the sensory junctions influence the motor junctions through:

〈fmi〉 =

Ns∑
j=1

fsjWij (5.27)
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Figure 5.12: Schematic of the learning process.
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where fmi is the frequency of the i-th motor junction and fsj the frequency of the j-th sensory junction.
Depending on the value of the weights, different tasks can be realized as we discuss below.
Initially the weights are chosen randomly, so that the orientation of the gripper is disconnected from the
orientation of the target. The sensory processor then learns the appropriate weights through supervised
training. As the weights are progressively modified, the motor becomes increasingly coordinated with
the sensor and allows the gripper to catch the target no matter its orientation. At each learning step the
target is presented to the sensor with a randomly chosen orientation. At each attempt to grasp the target
(“learning step”), the weights are modified according to the learning rule:

Wij → (Wij ± λ
Ns∑
j=1

fsj). (5.28)

where λ is the learning rate. Low values of λ slow down the learning while high values of λ fasten the
learning but limit its performance. Here we found λ = 0.01 satisfying.

• If the gripper succeeds – i.e. if its orientation is close enough to the orientation of the target to be
in the “CATCH” zone – the weights are unchanged.

• If the gripper strikes in the “LEFT” zone, the synaptic weights connecting the sensor network to
motor junctions which are tuned to orientations on the left of the gripper are decreased. On the
contrary, synaptic weights connecting the sensor network tomotor junctions tuned to orientations
on the right of the gripper are increased.

• If the gripper strikes in the “RIGHT” zone, the opposite is implemented.

5.4.1.2 Methods of the numerical simulations

The target has a range of possible orientations, corresponding to different voltage stimuli. The voltage
range is here from -1 V to +1 V for the simple learning case. We consider superparamagnetic tunnel
junctions with in-plane magnetization. Their default parameters are ∆E = 10kBT (where ∆E is the
energy barrier, kB is the Boltzmann constant, T is the temperature) and Vc = 0.7V (the critical voltage).
This corresponds to a diameter of 10 nm and amaximal frequency of 23 kHz. Each junction has a different
bias which corresponds to its preferred stimulus. The preferred stimuli are here chosen linearly spaced on
the voltage range. The error is the absolute value of the difference between the orientation of the target
and the orientation given by the motor junctions to the gripper. It is expressed as a percentage of the
range of possible orientations (here from -1 V to +1 V). It is computed as an average over 50 randomly
chosen trials.
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5.4.1.3 Results

Figure 5.13 (a) shows that the distance between the target and the gripper is progressively decreased
through repeated learning steps. After a sufficient number of steps, the gripper can catch the target: learn-
ing is successful. Here, after 3,000 learning steps the average error is below 1.5% of the range. This cor-
responds to successfully catching over 90% of the time a target with 5.5° width anywhere within a 180°
range. For applications requiring more precision the total number of learning steps should be increased.

In addition, the precision of the sensor is directly linked to the accuracy in determining the junctions’
frequencies. Therefore, it is improved when the total number of switching events occurring in the mea-
surement timewindow increases. As a consequence, larger populations of junctions enable reaching lower
gripper-target distances. This is shown through the black stars in Figure 5.13 (b): the distance between the
target and the gripper decreases when the number of junctions in each network increases. Our simulations
also indicate that the precision of the system is essentially set by the total number of junctions used in the
circuit, rather than by the size of each population (red circles in Fig. 5.13 (b)). This shows that learning can
be achieved for populations of different sizes. For the data presented in Figure 5.13, the natural frequency
is about 23 kHz and the observation length 1 ms.
Reducing the size of junctions, thus increasing their maximum frequencies, and increasing the total num-
ber of switching events in thewindowof observation, also increases the sensory processing precision (blue
squares in Fig. 5.13 (b)).
Finally, precision can also be increased by narrowing the tuning curves and observing the junctions over a
longer period of time. However increasing the observation length increases the energy consumption: for a
given sought precision, the required observation length is inversely proportional to the natural frequency
of the junctions.

5.4.1.4 Robustness to device variability

We now study how device to device variability, a serious experimental concern, affects the sensor perfor-
mances. We consider variability induced by the lithographic process. This means that there is variability
on the diameter of the junctions. The energy barrier is proportional to the surface of the elliptic base of
the junction. In consequence it is proportional to the square of the diameter d of the junction:

∆E ∝ d2. (5.29)

This enables us to compute the variability on the energy barrier as a function of the variability on the
diameter of the junction. The variability on the energy barrier has a uniformdistribution between∆E0−
σ and∆E0 + σ. The average frequency of a junction is:

〈F 〉 = 〈 1

2τ0
exp

(
− ∆E

kBT

)
〉 =

1

2τ0
exp

(
−∆E0

kBT

)
sinh(σ)

σ
. (5.30)



5.4 BIO-INSPIRED INTELLIGENT SENSORY PROCESSING 161

10 100 1000 10000
0

5

10

15

20

25

30

 

 

D
is

ta
n

ce
 g

ri
p

p
er

-t
ar

ge
t

(%
 o

f 
ra

n
ge

)

Number of learning steps

0 25 50 75 100 125 150 175 200
0

1

2

3

4

5

6

7

8

 

 

D
is

ta
n

ce
 g

ri
p

p
er

-t
ar

ge
t 

(%
 o

f 
ra

n
ge

)

Number of sensor junctions (N
s
)

 Identical populations

 Population sizes differ

 Faster sensor junctions

(a) (b) 

Figure 5.13:MATLAB simulations. (a) Distance between the gripper and the target as a function of
the number of learning steps for 100 junctions in each network. (b) Distance between the
gripper and the target as a function of the number of junctionsNs in the sensory network.
Black stars: the sensory and motor populations are identical (Ns = Nm and Fs = Fm).
Blue squares: the sensory junctions are twice as fast as in the previous case (Ns = Nm but
Fs = 2Fm). Red circles: the total number of junctions is constant (Ns + Nm = 200). In
each case, 50 junctions in each network and 3000 steps were used. The results are averages
over 10 learning trials. The error bars correspond to the standard deviations over these trials.

Therefore, the average frequency 〈F 〉 is higher than the theoretical frequency F0. The blue circles curve
in Figure 5.14 shows the distance between the gripper and the target versus the variability on the diameter
of the junctions. The theoretical diameter is 10 nm. The error decreases until about 3 nm variability. Vari-
ability on the size of the junctions increases the average maximal frequency of the population and thus
increases the precision. Above 5 nm, mismatch between the expected theoretical tuning curves and the
observed tuning curve is too important so the precision is worse than without variability.

In the case where the shifting of the different junctions in the population is implemented by spin-orbit
torque, one needs to consider the variability on the width of the underlayer. The voltage for which the
frequency is maximal is proportional to the inverse of the heavy metal underlayer width:

V0 =
dtjISOT
wtuIc

Vc. (5.31)

This enables us to compute the variability on the maximal voltages as a function of the variability on the
width of the underlayer. The red triangles curve in Figure 5.14 shows the distance between the gripper
and the target versus the variability on the width of the underlayer. This variability only affects the values
of the voltages atwhich the tuning curves aremaximal,whichhas a purelynegative impacton theprecision.

When both the underlayer width and the junctions’ diameters are affected by variability, the two effects
balance each other and up to 4 nm variation on the feature size can be tolerated without any precision
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Figure 5.14: Distance between the gripper and the target as a function of the variability on feature size of
the lithographyprocess,whenvariability affects the junctiononly (bluedisks), themetal layer
only (red triangles) and both the junction and the metal layer (black squares). 50 junctions
in each network and 3000 steps were used. The results are averages over 50 learning trials.
The error bars correspond to the standard deviations over these trials.

loss (black squares in Figure 5.14). Our intelligent sensor therefore exhibits a strong robustness to the
unavoidable variability resulting from the lithography process.

5.4.1.5 Robustness to temperature variations

We tested our system’s resilience to temperature changes. Figure 5.15 shows the evolution of the distance
between the gripper and the target versus the temperature. Two cases are studied: the system is calibrated
to function at Tth = 270K (red circles) and the system is calibrated to function at Tth = 300K (black
squares). Temperature variations induce deformations of the junctions’ tuning curves, which have a
negative effect on the performance. However, raising the temperature increases the natural frequency
of the junctions. We observe that this balances the deformation and actually increases the precision of
the system. This is only valid up to a certain point: when the temperature is too different from Tth, the
error rises again. On the contrary, decreasing the temperature lowers the natural frequency and adds up
with the mismatch to strongly reduce the precision, as can be observed for the Tth = 300K case. In
consequence, programming the sensory processor for the bottom of the working temperature range (as
illustrated here by the Tth = 270K case) allows a high robustness to temperature variations.

5.4.2 Learning coordinates transformations
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Figure 5.15:MATLAB simulations. Distance gripper-target versus the temperature for two calibration
temperatures, 300K (black squares) and 270K (red circles). In each case, 50 junctions in each
network and 3000 steps were used. The results are averages over 10 learning trials.

5.4.2.1 1-dimension coordinate transformations

The proposed spintronic sensory processor can learn to transform information. In this case, the orienta-
tion of the target is a function of the perceived stimulus. In order to catch the target, the sensory processor
has to perform an operation on the value of the stimulus. Figure 5.16 (a) compares the distance between
the gripper and the target for different operations: the simple value of the stimulus (“z”), the double of
the stimulus (“2z”), the square of the stimulus (“z2”), the inverse of the stimulus (“1/z”) and the sine
of the stimulus (“sin(z)”).

The task is performed in the same way as in the catching target case, with the orientation of the target
being replaced by the result of the transformation operation.
The distance gripper-target is computed as the absolute difference between the expected value of the trans-
formation and the numerically computed value. It is expressed as a percentage of the range of possible
expected values.
For “z”: the stimulus range is -1 to +1V and the result range -1 to +1 V. For “2z”: the stimulus range is -1
to +1V and the result range -2 to +2 V. For “z2”: the stimulus range is -1 to +1V and the result range 0 to
+1 V. For “1/z”: the stimulus range is +0.5 to +1V and the result range is +1 to +2 V. For “sin(z)” the
stimulus range is 0 to +1.5 V and the result range 0 to +1 V.

The results in Figure 5.16 (a) show that the same precision can be achieved for coordinate transforma-
tions as for simple sensor-motor coordination. Our nanoscale sensory processor is able to learn linear and
non-linear transformations.
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Figure 5.16:MATLAB simulations. (a) Distance between the gripper and the target in percentage of
the motor range for various coordinate transforms. In each case, 180 junctions in each net-
work and 3000 steps were used. The results are averages over 10 learning trials. The error
bars correspond to the standard deviations over these 10 trials. (b) Schematic of the “2D”
coordinates transform: the visual sensor is sensitive to the orientation (φ) of the target and
its distance (R). The intelligent sensor converts the stimuli into Cartesians coordinates (x,y)
for the motor.

5.4.2.2 2-dimensions coordinates transformations

Thismethodcanbe extended to learningof2Dcoordinates transformation,as illustrated inFigure 5.16 (b).
Here we have two sensors, one sensitive to the orientation of the target (φ) and one sensitive to the dis-
tance of the target (R). The 2Dmotor is controlled by instructions in Cartesian coordinates (x and y).
The stimulus ranges are 0 to 1V forR and 0 to 1.5V for φ. The range for both x and y is 0 to 1V. Four
populations of junctions encode the four coordinatesR, φ, x and y.
The two sensory populationsR and phi are concatenated into a single population. Its number of junction
is the sum of the number of junctions in each populationNs = NR +Nφ. Two weights matrices (Wx

andWy ) connect the sensory (R, φ) to the motor junctions (x, y). The weights matricesWx andWy

have the dimensionsNx×Ns andNy ×Ns. WhereNx (Ny ) is the number of junction encoding x (y).
Learning of the weights is implemented as described previously.
The distance gripper-target is computed as the absolute 2D-distance between the target and the gripper
and is expressed as a percentage of the range for x and y.

Figure 5.16 (a) shows that, although the error is larger than for 1D transformations,our system canperform
2D coordinates transformations.
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5.4.3 Complex sensory fusion with learning as a network adapter

Sensory fusion by the sum of the neural activities is simple but restricted to two identical populations, as
explained in Section 5.3. Here we show how learning can be used in order to perform sensory fusion of
non-identical populations of superparamagnetic tunnel junctions. Figure 5.17 describes the system in the
case of the robotic task proposed in section 5.4.1. The robot has a visual sensor and an auditory sensor,
each connected to different populations of junctions (various number of junctions (Nvs 6= Nas) and
various types of junctions (Fvs 6= Fas). Both sensors observe the target and receive stimuli. Through the
synaptic weightsWvs (Was), information is transferred from the visual network (auditory network) to a
network ofNm junctions of frequency Fm. The information perceived by the eye and the ear are coded
by two identical populations of junctions, thus allowing sensory fusion. The result of the sensory fusion
controls the arm of the robot. The synaptic weightsWvs andWas are set through learning as described
in section 5.4.1. Here learning acts as an adapter for non-identical networks. This would allow connecting
many different sensors to the chip controlling a robotic arm, without concerns of compatibility.

We perform numerical simulations in the same way as in Sections 5.3 and 5.4.1. The distance to optimal
fusion is computed as an average over 100 randomly chosen trials where the two voltages applied to the
sensors are kept separated by less than 0.4 V.

Figure 5.18 (a) represents the distance to optimal fusion versus the number of junctions in each sensor
for two cases: a single sensor (black stars) and two sensors (blue squares). We observe that sensory fusion
allows a better precision than a single sensor. As expected, the error decreases when the total number of
junctions increases. We observe that fusion of populations of different sizes is possible and the error only
depends on the total number of junctions in the system (grey triangles in Figure 5.18). Fusion of two pop-
ulationswhen one is composedof faster junctions than the other is also possible (red circles in Figure 5.18).

5.4.4 Implementation of the intelligent sensor

Building this intelligent sensory processor system able of learning, signal transformation and fusion re-
quires implementing in hardware the synaptic weights. This can be done with stable magnetic tunnel
junctions, larger than the superparamagnetic ones, implementing non-volatile memory cells as in mag-
netic random access memories (MRAMs). This allows using the same magnetic stack for neurons and
synapses. We have observed that only 8 bits per synapse (1 bit of sign, 7 of value) are sufficient to achieve
the same precision as analogue weights. For a hundred junctions in each of the sensor and motor popula-
tions, this amounts to a total of 80,200 magnetic tunnel junctions. As hybrid spintronic-CMOSmemory
chips composed of millions of magnetic tunnel junctions are already commercialized [231], this number
is very reasonable. In the future, the synaptic weights can also be implemented usingmagneticmemristors
[261], which also opens the possibility of using advanced unsupervised learning schemes.
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Figure 5.17: Fusion of information from the visual and auditory sensors.
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Figure 5.18:MATLAB simulations. (a) Distance between the gripper and the result of optimal sen-
sory fusion versus the number of superparamagnetic tunnel junctions in each sensor. Black
stars: only the visual sensor is present. It has the same number of junction as the motor
(Nvs = Nm). Blue squares: both the visual and auditory sensors are present and have the
same number of junctions (Nvs = Nas = Nm). (b) Distance between the gripper and the
result of optimal sensory fusion versus the number of superparamagnetic tunnel junctions in
the visual sensor. Red circles: the visual junctions are twice as fast than the auditory junction,
both populations have the same size (Nvs = Nas = Nm). Grey triangles: the total number
of sensory junctions is constant (Nvs +Nas = 2Nm = 200), all junctions are identical. In
each case 3000 learning steps were used. The results are averages over 10 learning trials. The
error bars correspond to the standard deviations over these 10 trials.
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The stochastic magnetic tunnel junctions’ populations can be realized with superparamagnetic junctions
with an area of typically hundred nanometer squares. This is small compared to CMOS neurons which
are larger than a hundredmicrometer squares [294]. As we have seen in Figure 5.13 (b), having a hundred
stochastic junctions in each population (sensory and motor) allows reaching a reasonable precision of
processing most of the time.
Implementing our sensory processor requires limited CMOS overhead: linking the frequencies of the
motor junction to the frequencies of the sensory junctions according to Equation 5.27, and modifying
the weights according to Equation 5.28. In particular, the computation of the junctions’ frequencies can
be realized using binary count-up counters, and the learning rule with simple integer addition circuits.

5.4.5 Energy/power consumption

For evaluating the potential of the system in terms of energy and power consumption, we suppose even
smaller junctions of parameters ∆E = 6kBT and Vc = 0.1V. This corresponds to a natural frequency
of 1.23 MHz. The junctions are shifted by individual voltage biases between -0.1 V and 0.1 V.
The power consumption due to the shifting is:

Pshift =

N∑
i=1

V 2
shift

R
. (5.32)

WhereN = 100 is the number of junctions,Vshift is the maximal firing voltage for the i-th junction and
R is the resistance of the junctions.
For a RA = 20µΩ × cm2 and a d = 7.7nm diameter the resistance is R = 424kΩ. The power
consumption is Pshift = 0.8µW. The maximal power consumption for the stimulus is:

Pstim = N
0.12

R
= 2.4µW. (5.33)

So the total power is P = 3.2µW. For a 20 microseconds measurement the energy consumption is
E = 63pJ.

Conclusion

In this Chapter we have shown that the superparamagnetic tunnel junction can emulate a sensing neuron.
We have adapted theoretical neuroscience work to our device and thus demonstrated that populations
of superparamagnetic tunnel junctions can encode information, perform Bayesian inference and sensory
fusion. As the superparamagnetic tunnel junctions convert a real world signal into stochastic telegraphic
signals they can be used as analog to random bitstream converted for stochastic computing circuits.

We have proposed a vision of a intelligent sensory processing unit based on populations of superparamag-
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netic tunnel junctions. We demonstrated that this system is capable of learning and achieving computing
tasks such as motor control, coordinate transformations and more complex sensory fusion. Our system
exhibits a strong robustness to device variability as well as temperature variations. We have discussed
the feasibility of our system and shown that it is technology-ready. These results open the path toward
hardware implementations of our system to integrate this nanoscale circuit close to a sensor, on the same
chip.

In addition, since we were guided throughout our study by technical constraints, we have been led to
developing simpler methods than existing ones for realizing learning and fusion with diverse populations
of spiking units. Mechanisms to achieve transfer of information from a sensory to a motor neural popula-
tion and coordinate transform have been proposed [307, 313–315] as well as population coding schemes
for learning from sensory information in general [316, 317]. However in this literature computationally
complex learning processes are used, requiring for example to compute the motor neurons frequencies
leading to any given gripper orientation [307]. Our learning mechanism is more adapted to hardware
constraints. It only requires knowing if the gripper was in the “LEFT”, “RIGHT” or “CATCH” zone
instead of a precise measurement of the error as required by many machine learning schemes. We have
proved the efficiency of a simple learning rule for realizing complex tasks.

The advantage of using superparamagnetic tunnel junctions over other stochastic nanodevices is that their
random behavior is well modeled and controlled. However, these findings apply well beyond the case of
stochastic magnetic junction assemblies, and will be useful for building hardware leveraging population
coding in assemblies of CMOS or any type of emerging technology neurons [198, 315, 318].
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Conclusions and future work

S
uperparamagnetic tunnel junctions are unstable devices. Because of their intrinsi-

cally random behavior, they are usually considered useless. However, these devices are well

understood, modeled and controlled. Taking inspiration from the brain which computes even

though its components are probabilistic, we have shown that the stochastic dynamics of super-

paramagnetic tunnel junctions can actually be an asset. In particular we have proposed two

ideas of how to use superparamagnetic tunnel junctions for low-power bio-inspired computing:

noise-induced synchronization for synchronization-based computing and population coding

for intelligent sensory processing. However, we expect that many more computing schemes can

be implemented with superparamagnetic tunnel junctions, and that our work can also be

adapted to other stochastic nanodevices.
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Superparamagnetic tunnel junctions are unstable devices. Because of their intrinsically random
behavior, they are usually considered useless. However, these devices are well understood, modeled

and controlled. Taking inspiration from the brain which computes even though its components are
probabilistic, we have shown that the stochastic dynamics of superparamagnetic tunnel junctions can
actually be an asset.

Summary

Chapter 1 has provided a review of the state of the art for this thesis. First, we have presented various
methods to harness noise and stochasticity rather than fight them. In particular, our brain computes in
the presence of noise and with stochastic components. Some studies even suggest that it takes advantage
of this randomness to consume little energy. A specific phenomenon, whichmight take place in networks
of neurons – noise-induced synchronization – has been identified as particularly promising for com-
puting. Second, we have described stochastic devices which are potential building blocks for computing.
A focus has been put on spintronics, of which the magnetic tunnel junction is the flagship device. In
particular we have presented ideas of how spintronics devices can be used for bio-inspired computing and
how to take advantage of their intrinsic stochastic behavior. The superparamagnetic tunnel junction has
been identified as a promising building block for bio-inspired computing schemeswhich use randomness.

In Chapter 2, we have presented the physics of the superparamagnetic tunnel junction and shown how
a magnetic field, an electrical current or a voltage can control its average state as well as its frequency.
Furthermore we have provided an original study of the effect of electrical noise and demonstrated how
to increase the frequency of a junction with it. We have developed a theoretical model which describes
the junction as a Poisson oscillator. The validity of this model was demonstrated by comparison to ex-
perimental results. This model can be adapted in the VerilogA language and used in the Cadence Spectre
simulator, which enables to study the behavior of hybrid-circuits composed of both superparamagnetic
tunnel junctions and usual electronic components such as CMOS transistors.

Inspired by the synchronization of networks of neurons in the brain, many computing schemes based
on the synchronization of coupled oscillators have been proposed. In Chapter 3, we have studied the syn-
chronization of a stochastic oscillator, the superparamagnetic tunnel junction. We have experimentally
demonstrated for the first time both how to harness thermal energy to induce synchronization of a su-
perparamagnetic tunnel junction to a weak external voltage and how to control synchronization through
electrical noise. The model presented in Chapter 2 accurately reproduces experimental results of noise-
induced synchronization, both without and with electrical noise. Using this model, we have investigated
how to control synchronization by varying the temperature and we extended our study from periodic
square drives to square stochastic drives and sinusoidal drives.
Furthermore, we have proposed an original analytical model which gives access to the noise range for
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which synchronization is achieved, provides a qualitative understanding of the phenomenon and is easily
adaptable to various types of noise and drive. The validity of this analytical model was demonstrated by
comparison to experimental results.
Both experimentally and theoretically, we have studied the influence of the amplitude and frequency
of the drive and have identified several key advantages of noise-induced synchronization over determin-
istic synchronization. Noise allows synchronizing a stochastic oscillator to a drive frequency orders of
magnitude higher than its natural frequency, over broad ranges of noise levels, drive frequencies and ampli-
tudes, and at a low energy cost. Noise-induced synchronization is robust to device and system variability.
However, noise-induced synchronization is stochastic so it cannot be perfect and achieving noise-induced
synchronization can require a control over the noise level, which might require circuit overheads. These
features should be taken into accountwhen designing architectures using noise-induced synchronization.
Using our analytical model, we have investigated the energy required to achieve synchronization of scaled
down superparamagnetic tunnel junctions. The thermal noise available at room temperature is sufficient
to induce synchronization with little external energy input. Furthermore, we have shown that using elec-
trical noise is even more energy efficient. For every drive frequency there is an optimal junction diameter
allowing minimal energy consumption. Finally, we have compared our results to the energy required to
achieve the synchronization of traditional spin torque nano-oscillators and CMOS neurons and have
observed a hundred-fold gain.

The results of Chapter 3 are only useful for computing if synchronization of networks of coupled su-
perparamagnetic tunnel junctions can be achieved. In consequence, in Chapter 4, we have conducted a
theoretical study of the noise-induced synchronization of coupled superparamagnetic tunnel junctions.
First, we have demonstrated that two electrically coupled superparamagnetic tunnel junction can be
synchronized to an external voltage drive. When synchronization is induced by thermal noise, we have
observed two regimes. On one hand, at low temperature, the junctions are strongly coupled and block
each other, thus leading to a frequency plateau at half the drive frequency. On the other hand, at high tem-
perature, the junctions are weakly coupled and are each synchronized to the drive. Contrary to thermal
noise, electrical noise can only induce synchronization to the drive. These results highlight an important
difference between thermal and electrical noise-induced synchronizations. Furthermore we have shown
that two superparamagnetic tunnel junctions of different natural frequencies can be simultaneously syn-
chronized to a drive.
Second, we have proposed a simple circuit allowing the synchronization of a superparamagnetic tunnel
junction to another, in the absence of external drive. However, in order to be feasible, this system requires
careful design of the devices.
Third, we have investigated how to mutually synchronize two superparamagnetic tunnel junctions. Sup-
posing a control over the coupling between the oscillators, we have proposed a three-oscillators system
where one acts as a buffer between the two mutually synchronized oscillators.
These results highlight the rich physics of coupled stochastic oscillators. Noise-induced synchronization
of bistable stochastic oscillators is very different from deterministic synchronization of harmonic oscilla-
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tors. In particular some phenomena, such as mutual synchronization, are achieved less naturally.

In Chapter 5, we have investigated a different bio-inspiredway to use superparamagnetic tunnel junctions
for computing and have showed that the latter can emulate sensing neurons. Taking inspiration from
neuroscience studies, we have shown that populations of superparamagnetic tunnel junctions can repre-
sent probability distributions. We have proposed a simple method to decode the information coded by a
population of junctions. Several realistic implementations of such populations are possible. Furthermore,
sensory fusion of the information coded by two identical populations can be achieved in a simple way.
We have shown that interconnected populations can form a neural network, capable of learning and com-
puting. In particular, this system can perform motor control, coordinate transformations and sensory
fusion of non-identical populations. We have shown that learning can be achieved through a simple rule,
less complex to implement that those proposed in the literature. This system is the first demonstration
of populations of stochastic nanodevices for computing.
A key application for this system is targeted: intelligent sensory processing. Because of its compactness, it
could indeed be embedded on a sensor and allow low energy sensory processing.
We have investigated the effect of the device to device variability due to the lithography process on the
system and shown that a small amount of variability actually improves the performance of our system.
Globally, our system exhibits a strong robustness to variability. Furthermore,we have also shown its strong
robustness to temperature increases. Finally we have discussed the feasibility of our system. The low re-
quirements both on the number of devices (i.e. less than a hundred thousand) and on their parameters
(i.e. high energy barriers are not necessary) open the path to hardware implementations of this intelligent
sensor.

Perspectives

We have studied two phenomena: noise-induced synchronization for synchronization-based computing,
and population coding for intelligent sensory processing. These results opens the path for bio-inspired
computing schemes with stochastic magnetic tunnel junctions. In order to fulfill the potential of these
devices, the ongoing work has to be continued.
Regarding synchronization-based computing, thermal noise is sufficient to induce synchronization but
one might want to use electrical noise of even better energy efficiency. In this case, it is required to control
the level of noise in the system. A potential solution is to take advantage of the electrical noise naturally
present in circuits, by re-injecting the noise generated by assemblies of stochastic devices for instance. Two
or three discrete levels of noise would be sufficient to discriminate synchronized from non-synchronized
states. Furthermore, the existing synchronization-based computing methods have to be reinvented for
stochastic bistable oscillators. Finally, one has to find how to implement the required couplings between
superparamagnetic tunnel junctions. The various available handles for controlling the junctions and em-
ulating a coupling are: through spin transfer torque by direct application of a voltage or current, through
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spin orbit torque by placing a heavy metal layer under the devices, through magnetic field by placing
antenna above the devices. Furthermore, dipolar coupling can directly be implemented by placing the
devices close to each other. It should also be investigated how to detect synchronization. Several promis-
ing detection systems have already been proposed by Vodenicarevic et al. [270]. They were designed for
harmonic oscillator but might be adapted to bistable oscillators.
Regarding the use of superparamagnetic tunnel junctions as sensory neurons, one needs to be able to go
to more complex computing tasks without sacrificing the simplicity and the compactness of the system.
For instance, methods implementing unsupervised learning with spiking neurons could be adapted.

Other applications of superparamagnetic tunnel junctions for unconventional computing are currently
being investigated by our group. In particular, the results of this thesis are used within the European
project FP7 FET OPEN BAMBI. In this project, superparamagnetic tunnel junctions are used as true
random number generators. The resistance variations of a superparamagnetic tunnel junction is trans-
formed into a binary signal by a threshold operation. Then, by sampling this signal, a random bitstream
is obtained. Sampling has to be done at an appropriate rate to avoid auto-correlation: the time interval
between samples should be of the order of a few times themean period. However, because of the non zero
stray field, the natural probability of the bitstream is different from 0.5. A 0.5 probability is a required
condition for many applications. In consequence, the bitstream has to be whitened (i.e. transformed into
a 0.5 probability bitstream). This can be achieved for example by performing XOR operations on differ-
ent bitstreams. Vodenicarevic et al. have shown that the bitstreams obtained after whitening by 8 XOR
operations are of high enough quality to be used in cryptography or stochastic computing applications.
In particular, one goal is to use superparamagnetic tunnel junctions in systems that implement Bayesian
inference. In these systems, the probabilities at play are represented by random bitstreams. Using super-
paramagnetic tunnel junctions would allow to generate these bitstreams in a compact and low powerway.

Superparamagnetic tunnel junctions are starting to attract more andmore attention. Recently, the group
of Supriyo Datta at Purdue university proposed to use superparamagnetic tunnel junctions for non-
Boolean logic [319]. The idea is to build a system which implement the Hamiltonian of an optimization
problem. Here they suggest to use spin orbit torque to achieve the required couplings between the junc-
tions. Because they oscillate randomly, the junctions explore all possible solutions and relax in the most
favorable energetically. The authors perform numerical simulations showing that this system can solve
the traveling salesman problem, which is NP hard.

In all applications, reading the states of the devices will have to be carefully thought of, especially since
the OFF/ON ratio of superparamagnetic tunnel junctions is low. Reading and controlling the state of
each device while maintaining a low energy cost will might be difficult. Globally, a challenge will be to
keep the overhead CMOS computing simple and low energy enough so that it does not overcomes the
benefits of using nanodevices. Amodular approachwill be required to go from small brick circuits to large
systems. Finally, the design of specifically optimized superparamagnetic tunnel junctions might improve
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the read-out.

We have shown that superparamagnetic tunnel junctions are building blocks for low-power implementa-
tions of novel computing forms, inspired from biology. In this thesis, two main concepts were proposed
but many more are possible so we expect exciting developments of computing with superparamagnetic
tunnel junctions. Furthermore, we hope that our workwill also inspire research on computing with other
types of stochastic nanodevices.
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Appendix A

Influence of the electrical noise

In this Appendix, we investigate the e�ect of electrical noise on a superparamagnetic tunnel

junction. Specifically, we provide a demonstration for the expression of the average switching

probability used in Chapter 2.



182 APPENDIX A: INFLUENCEOF THE ELECTRICALNOISE

A superparamagnetic tunnel junction is submitted to a dc voltage V and to electrical white Gaussian
noise of cutoff frequency FNoise. We consider time intervals δt = F−1

Noise so that the electrical noise is
constant during each time interval.

In consequence, the escape rate of the Poisson process during each time interval δt is:

φAP/P (N) = φ0 exp

(
− ∆E

kBT

(
1± V +N

Vc

))
. (A.1)

WhereN is the value of the electrical noise during the considered time interval.N follows awhiteGaussian
distribution of standard deviation σNoise, so its probability density is:

ψ(N) =
1√

2πσNoise
exp

(
− N2

2σ2
Noise

)
. (A.2)

The probability to switch during δt is:

δPAP/P (N) = exp
(
−δtφAP/P (N)

)
(A.3)

so the probability not to switch during δt is:

δPAP/P (N) = exp
(
−δtφAP/P (N)

)
. (A.4)

The average probability not to switch during a time interval δt is:

〈δPAP/P 〉 =

∫ +∞

−∞
δPAP/P (N)ψ(N)dN. (A.5)

A Poisson process has no history and the values of the electrical noise N at each time interval δt are
uncorrelated so the probabilities to switch a each time interval are independent. In consequence, the
average probability not to switch during a time t is the product of the average probabilities not to switch
at all the time intervals δt composing t:

〈PAP/P (t)〉 =
(
〈δPAP/P

) t
δt . (A.6)

Indeed there are t
δt time intervals δt in t.

It follows that the average probability to switch during t is:

〈PAP/P (t)〉 = 1−

(∫ +∞

−∞

(
1− exp

(
−δtφ0 exp

(
− ∆E

kBT

(
1± V +N

Vc

))))
ψ(N)dN

) t
δt

.

(A.7)



Appendix B

Approximate expression of the junction
frequency

In this Appendix we give an analytical description of the frequency of a superparamagnetic

tunnel junction in the presence of an external drive. Specifically we provide a demonstration

for the expression of the frequency around the synchronization plateau, as used in Chapter 3.
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Figure B.1: Left axis: The frequency of the stochastic oscillator is plotted versus temperature in back
squares (in units of the drive frequency Fac). Both the numerical results (black squares) and
the analytical expression in the vicinity of the plateau (solid black line) are represented. The
probabilities to phase-lockP+ and unlockP− are plotted versus temperature in red and blue
solid lines respectively. The drive frequencyFac is represented by a black horizontal line. The
red zone symbolizes the range of temperature for which synchronization is achieved (with a
2% precision on the frequency).

In this Appendix we demonstrate how the frequency of the junction can be approximated by F =

Fac(2P+ + 2P− − 1) in the vicinity of the synchronization plateau. This expression enables us to get
the boundaries of the plateau for any chosen precision on the frequency. If we seek an error rate below
x (i.e. (1− x)Fac < F < (1 + x)Fac) the conditions on the switching probabilities are P+ > 1− x

2

and P− < x
2 .

B.1 Definitionof the sub-optimal and supra-optimal noise regimes

We seek to link the values of P+ and P− to the boundaries of the plateau. In consequence we are only
interested in the electrical noise ranges for which the frequency of the junction is slightly below the
frequency of the drive (we call this regime “sub-optimal”) or slightly above the frequency of the drive
(“supra-optimal”).

In Figure B.1, we observe that:

• In the sub-optimal regime (typically between T ' 65K andT ' 85K), The probability to phase-
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unlock in a half-period P− is very low (P− < 10−10 ). In consequence P− can be neglected.

• In the supra-optimal regime (typically between T ' 240K and T ' 360K), one can make the
approximation P+ ' 1, where P+ is the probability to phase-lock in a half-period.

B.2 Supra-optimal regime

BecauseP+ ' 1, each switch of the drive is followed by a switch of the junction. NeverthelessP− cannot
be neglected and therefore the junction can spontaneously phase-unlock. The fact that P+ ' 1 then
causes the junction to switch back in phase with the drive. These short events are called glitches.

We define the following quantities for a 1 second observation time:

• Ndrive the number of switches of the drive.

• Nsupra the number of switches of the junction.

• Nglitch the number of glitches.

Nsupra = Ndrive + 2Nglitch (B.1)

Indeed each glitch contains two switches of the junction.

The probability for a glitch to occur during a half period isP−. ThereforeNglitch = 2FacP−. It follows
that:

Nsupra = 2Fac(2P− + 1) (B.2)

It takes two switches to completed one oscillation. In consequence in the supra-optimal regime the fre-
quency of the junction is:

Fsupra = Fac(2P− + 1) (B.3)

In consequence, forP− = x
2 , we have

Fsupra−Fac
Fsupra

= x. The junction is frequency-lockedwith 100×x%

precision.

B.3 Sub-optimal regime

In this regime we neglect P− . In consequence, whenever the junction is phase-locked, it stays as such
during the rest of the half-period. Nevertheless, P+ is not equal to one anymore. In consequence, each
switch of the drive is not automatically followed by a switch of the junction.

In Figure B.2, we illustrate this by an example.
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Figure B.2: Resistance of the junction (red) and drive (black) a functions of time. The vertical dashed
lines symbolize the times tA, tB , tC and tD.

Figure B.2 Sketches of the time evolution of the resistance of the junction (red) and the drive voltage
(black). The vertical dash lines represent the times tA, tB , tC and tD.

• Before tA, the junction is phase-locked to the drive. At t = tA, the drive switches from ˘Vac to
+Vac. The junction then has a probabilityP+ to phase-lock before the end of the half-period (tB ).
Here the junction does switch from P and AP, thus phase-locking to the drive again.

• At t = tB , the drive switches to ˘Vac. The junction has a probability P+ to phase-lock to the drive
again before tC . Here the junction remains in the AP state: it has missed one first switch.

• At t = tC the drive switches to+Vac. The junction is thus back in phase with the drive. Therefore
itwill not switch for the rest of the half period andwill have towait until t = tD for an opportunity
to switch. In consequence, the junction in now two switches behind the drive.

In consequence,whenever the junctionmisses one switch of the drive, it automaticallymisses the next one.

We define the following quantities for a 1 second observation time:

• Ndrive the number of switches of the drive.

• Nsub the number of switches of the junction.

• Nmiss the number of switches missed by the junction.
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Ndrive = 2Fac (B.4)

Nsub = Ndrive˘Nmiss (B.5)

The probability to miss a given switch is 1− P+. As missing a given switch implies to miss the following
switch we have:

Nmiss = Ndrive(1− P+)2 (B.6)

In consequence
Nsub = 2Fac(2P+ − 1) (B.7)

And
Fsub = Fac(2P+ − 1) (B.8)

In consequence, for P+ = 1 − x
2 , we have

Fsub−Fac
Fsub

= x. The junction is frequency locked with
100× x% precision.

B.4 Global expression of the frequency of the junction

In the vicinity of the synchronization plateau, the total number of switches of the junction during 1
second is given by:

N = Ndrive˘Nmiss + 2Nglitch (B.9)

It follows that:
F = Fac(2P+ + 2P− − 1) (B.10)

Frequency locking is achieved with over 100× x% precision when P+ > 1− x
2 and P− < x

2 .

B.5 Validity of the approximation

Equations B.2 to B.10 are only valid for low values of P− and high values of P+ :

• At low electrical noise, P+ is low and therefore the junction switches are not correlated with the
switches of the drive. In consequence equations B.7 and B.8 cease to be valid.

• At high electrical noise, P− is high and therefore several glitches can happen in each semi period.
In consequenceNglitch > 2P− and equations B.2 and B.3 cease to be valid.

Nevertheless, equations B.2 to B.10 provide a good approximation of the frequency of the junction in
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the vicinity of the synchronization plateau, as testified by the matching between experimental results and
this model.



Appendix C

Proofs relative to population coding

In this Appendix we provide the demonstrations for various results relative to population

coding, used in Chapter 5. Specifically we investigate the expression of the probability of a

stimulus given an observed activity, both in the cases of a single sensor and of sensory fusion.
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A population is composed of N neurons with Gaussian tuning curves of standard deviation σ0. The
applied stimulus is s0 and the gain g.

C.1 Preliminary results

In this section we compute preliminary results which are useful for the summethod as well as for further
computations.

C.1.1 Sum of the average activities

N∑
i=1

〈ri〉 =

N∑
i=1

g fi(s0) = g

N∑
i=1

exp

(
−(s0 − µi)2

2σ2
0

)
. (C.1)

Where µi is the preferred stimulus of the i-th neuron.

For a large number of neuron,which preferred stimuli are close enough to each other,we can approximate
the sum over the neurons by an integral over their preferred stimuli:

N∑
i=1

〈ri〉 = g

∫ Sf

Si

exp

(
−(s0 − x)2

2σ2
0

)
dx. (C.2)

Where Si and Sf are the boundaries of the preferred stimuli range.

We make the assumption that the applied stimulus is not too close from these boundaries1:

N∑
i=1

〈ri〉 =
1

∆µ
g

∫ +∞

−∞
exp

(
−(s0 − x)2

2σ2
0

)
dx. (C.3)

Where∆µ is the spacing between two consecutive preferred stimuli.

∆µ =
Sf − Si
N

. (C.4)

It follows that:
N∑
i=1

〈ri〉 =
g σ0

√
2π

∆µ
. (C.5)

1We indeed observe that the summethod is less valid for stimuli close to the boundaries.
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C.1.2 Sum of the average activities times the preferred stimuli

We use the same approximations as in the previous computations.

N∑
i=1

〈ri〉µi =
g

∆µ

∫ +∞

−∞
x exp

(
−(s0 − x)2

2σ2
0

)
dx. (C.6)

With the variable change x→ (x− s0) it follows that:

N∑
i=1

〈ri〉µi =
g σ0

√
2π

∆µ
s. (C.7)

C.1.3 Sum of the average activities times the squared preferred stimuli

Still with the same approximations we have:

N∑
i=1

〈ri〉µ2
i =

g

∆µ

∫ +∞

−∞
x exp

(
−(s0 − x)2

2σ2
0

)
dx. (C.8)

With the variable change x→ (x− s0) it follows that:

N∑
i=1

〈ri〉µ2
i =

g σ0

√
2π

∆µ
(s2

0 + σ2
0). (C.9)

C.2 Probability of a stimulus given the observed activity

C.2.1 Expression of the logarithm of the posterior

The probability of a stimulus s to be the real applied stimulus, given the observed activity r is:

P (s|r) =
P (s)

P (r)
P (r|s) (C.10)

P (s|r) =
P (s)

P (r)

N∏
i=1

exp (−g fi(s)) (g fi(s))
ri

ri!
. (C.11)

In consequence:

logP (s|r) = logP (s)− logP (r)− g
N∑
i=1

fi(s) +
N∑
i=1

ri log fi(s) + log(g)
N∑
i=1

ri −
N∑
i=1

log ri!.

(C.12)
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The terms logP (r), log(g)
∑N

i=1 ri and
∑N

i=1 log ri! do not depend on the value of s and can thus be
put in a marginalization term.

We make the following assumptions:∣∣∣∣∣∣∣∣∣∣∣

1. The prior is flat: P (s) = C , whereC is constant for all values of s.

2. The neural network does not favor any values of s:Σi=1..Nfi(s) = K , whereK is constant for
all values of s. For Gaussian tuning curves this is verified as long as the number of neurons is high
enough.

We define the marginalization constantM :

M = logC − logP (r)− g K + log(g)
N∑
i=1

ri −
N∑
i=1

log ri!. (C.13)

In consequence:

log (P (s|r)) = M +

N∑
i=1

(log (fi(s)) ri) . (C.14)

C.2.2 Approximation of the posterior as a Gaussian function

P (s|r) = exp(M) exp

(
N∑
i=1

(log (fi(s)) ri)

)
. (C.15)

P (s|r) = exp(M) exp

(
N∑
i=1

(
exp

(
−(s− µi)2

2σ2
0

)
ri

))
. (C.16)

We make the assumption that the observed activities are large. In consequence we can make the approxi-
mation:

ri ' 〈ri〉. (C.17)

Then we can inject Equations C.5, C.7 and C.9 in Equation C.16 and obtain:

P (s|r) = exp(M) exp

(
−g σ0

√
π

∆µ
√

2

)
exp

(
−g
√

2π

σ0∆µ
(s− s0)2

)
. (C.18)

The posterior can thus be approximated by a Gaussian function. The mean of this function – and thus
most probable stimulus – is the real stimulus:

µ = s0. (C.19)
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The standard deviation is:

σ =

√
σ0∆µ

g
√

2π
. (C.20)

The integral of the posterior over all possible stimuli is equal to 1 so we can compute that:

M = log

(
1

σ0

√
2π

exp

(
gσ0
√
π

∆µ
√

2

))
. (C.21)

C.2.3 Application to the summethod

In the summethod we use the approximations described above and seek to find the parameters µ and σ
of the Gaussian.

Combining Equations C.5 and C.7 allows us to get:

µ = s0 =

∑N
i=1 µiri∑N
i=1 ri

(C.22)

and
σ =

σ0∑N
i=1 ri

. (C.23)

C.3 Sensory fusion

Two identical populations of sensing neurons receive a stimulus. The probabilities to observe the activities
reye and rear knowing the value of the stimulus are independent. In consequence:

P (reye, rear|s) = P (reye|s)× P (rear|s) (C.24)

P (reye, rear|s) =
N∏
i=1

exp(−geyefi(s))(geyefi(s))reye,i
reye,i!

×
N∏
i=1

exp(−gearfi(s))(gearfi(s))rear,i
reye,i! rear,i!

(C.25)

P (reye, rear|s) =

N∏
i=1

exp(−(geye + gear)fi(s))g
reye,i
eye g

rear,i
ear fi(s)

reye,i+rear,i

reye,i!
(C.26)

We construct a third identical population, which activity is the sum of the activities of the eye and the ear:
r = reye + rear .
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P (r|s) =
N∏
i=1

exp(−gfi(s))(gfi(s))reye,i+rear,i
(reye,i + rear,i)!

(C.27)

Where g = geye + gear is the gain of the third population.

In consequence:

P (r|s)
P (reye, rear|s)

=
N∏
i=1

reye,i! rear,i!

(reye,i + rear,i)!
× greye,i+rear,i

g
reye,i
eye g

rear,i
ear

(C.28)

This means that P (r|s)
P (reye,rear |s) is independent of s, so we have:

P (r|s) ∝ P (reye, rear|s) , (C.29)

and because of Bayes’ theorem:

P (s|r) ∝ P (s|reye, rear) . (C.30)



Appendix D

Synthèse en Français

Ici nous présentons une synthèse, en Français, des points importants de cette thèse.

A summary in French of the main points of this work are presented here.
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Introduction et contexte

Avec l’avènement de la nanoélectronique, de nombreuses nouvelles technologies ont émergé, portant la
promesse de remplacer ou compléter la brique de base traditionnelle du calcul – le transistor CMOS.
Ces technologies émergentes vont de transistors alternatifs – tels que les nanotubes de carbone – à des
dispositifs possedant des fonctionalités plus complexes – tels que les memristors qui sont des memoires
nanoscopiques multi-niveaux non-volatiles. Les dispositifs nanoélectroniques ont été salués par un fort
intérêt de la part des communautés scientifiques et de gros efforts sont mis en oeuvre pour les développer
en vue d’applications de calcul, aussi bien au niveau académique qu’industriel.

Cependant, à l’échelle nanométrique, le bruit affecte significativement le comportement des systèmes,
causant des fluctuations aléatoires. Divers types de bruit jouent un role : le bruit thermique, le shot noise,
le bruit d’excès lié aux effets de bords, etc. Deplus, le processus de fabrication de ces nanodispositifsmènent
à une variabilité d’un dispositif à un autre, qui augmente lorsque la taille des dispositifs diminue. Le fait
que ces technoloiges émergentes soient sujet à de tels tauxd’erreurs etde variabilité estun freinmajeurà leur
utilité pour des applications conventionnelles de calcul. Bien que des méthodes visant à réduire l’impact
de ces erreurs existent, la majorité d’entre elles consomment beaucoup d’énergie : codes des correction
d’erreur, redondance des composants, fortes tensions de programmation... Par exemple, les magnetic
random access memories (MRAM) sont des mémoires nanoscopiques non-volatiles qui remplaceront
très probablement les technologies actuelles dans les processeurs. Néanmoins, la programmation de ces
mémoires est stochastique à cause du bruit thermique. Pour que la programmation soit réussie, il faut
appliquer d longues impulsions de tension, ce qui consomme beaucoup d’énergie. Il est donc naturel
de rechercher des méthodes de calcul qui sont intrinsèquement tolérantes au bruit, à la variabilité et aux
erreurs, ou encore mieux, qui tirent parti de ces derniers.

Parmi les solutions envisageables, un paradigme est particulièrement prometteur et disruptif : s’inspirer
de la biologie. En effet notre cerveau est capable de calculer bien que ses composants eux-mêmes – les
neurones et les synapses – présentent un comportement stochastique. Tout d’abord, les stimuli reçus
par le cerveau sont eux mêmes bruités : par exemple les photons arrivent sur un photo-détecteur de l’oeil
avec des statistiques de Poisson. De plus, le mouvement aléatoire des porteurs de charges dans les cellules
nerveuses et l’ouverture stochastique des chaines d’ions autourde ces cellulesmènent à des comportements
probabilistes. Les neurones communiquent en envoyant des pics de tension mais les intervalles de temps
entre ces pics semblent être aléatoires. Les synapses connectent les neurones entre euxmais leurprobabilité
d’échouer à transmettre un signal peut dépasser les 90%. En plus de ces effets probabilistes, le cerveau
doit gèrer la forte variabilité entre ces composants et la mort de ses cellules. Malgré tous ces obstacles,
notre cerveau fonctionne avec succès et ne consomme que 20Watts. Certaines études de neurosciences
suggèrent même que cette passe consommation est due au fait que le cerveau a évolué pour tirer parti du
bruit. En conséquence, s’inspirer du cerveau et adapter les nanodispositifs auxméthodes qu’il utilise pour
gèrer l’aléatoire est une voie prometteuse.

Le calcul bio-inspiré avec des nanodispositifs stochastiques devrait être particulièrement efficace pour des
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tâches cognitives où le cerveau excelle : reconaitre des motifs, classifier, prendre des décisions, interpréter
des données bruitées et incomplètes, fusionner différentes sources d’information... Ces tâches ont été
longtemps innaccessibles aux ordinateurs. Aujourd’hui, des algorithmes bio-inspirés réalisent ces tâches
avec grand succès. Pourtant, les processeurs d’ordinateurs conventionnels sont mal adaptés à de telles
tâches et de fait les mises en oeuvre matérielles de ce dernières sont fortement consommatrices d’énergie.
Combiner des composants électroniques traditionnels avec des technologies émergentes pourrait permet-
tre d’effectuer ces tâches à bas coût énergétique.

L’objet de cette thèse est un nanodispositif, la jonction tunnel magnétique. Grace à son endurance, sa fia-
bilité et sa compatibilité avec le CMOS, ce système bistable s’est imposé comme le composant phare de la
spintronique. En particulier, il est utilisé comme la brique de base des magnetic random access memories.
Cependant, garantir la stabilité de ce dispositif tout en réduisant sa taille est un défi. Les jonctions tunnel
magnétiques instables – appelées jonctions tunnel superparamagnétiques – se comportent comme des
oscillateurs stochastiques. Ces dispositifs sont habituellement mis à l’écart à cause de leur dynamique
aléatoire. Cependant, ils ont des avantages clefs. Tout d’abord, leurs oscillations stochastiques sont com-
plètement alimentées par le bruit thermique et ne requièrent donc aucun apport énergétique extérieur.
De plus, puisque leur stabilité n’est plus un enjeu, ils peuvent être réduits à d’extrêmes dimensions. Dans
cette thèse, j’examine pour la première fois comment tirer parti du comportement aléatoire des jonctions
tunnelmagnétiques stochastiques etmontre que – loin d’être inutiles – ces dispositifs pourrait permettre
de réaliser du calcul bio-inspiré à bas coût énergétique. Une approche interdisciplinaire estmise en oeuvre,
en mêlant des idées de la neuroscience et du calcul avec la physique de nos dispositifs. Des précurseurs de
calcul sont démontrés expérimentalement sur des dispositifs individuels. Sur la base de ces expériences, un
modèle théorique est développé et utilisé pour montrer comment des systèmes composés de nombreux
dispositifs peuvent réaliser du calcul.

Résultats

Le Chapitre 1 présente une revue de l’état de l’art pour cette thèse. Tout d’abord, nous présentons diverses
méthodes pour tirer parti du bruit et de la stochasticité plutôt que les combattre. En particulier, certaines
méthodes sont inspirées de notre cerveau. Un phénomène spécifique qui a lieu dans des réseaux de neu-
rones – la synchronisation induite par le bruit – est identifié comme particulièrement prometteur pour le
calcul. La plupart de ces méthodes sont connues depuis longtemps, mais n’ont jamais tenu leur promesse
d’utiliser le bruit pour le calcul. Trouver un système stochastique approprié pourrait finalement permet-
tre de mettre en oeuvre ces méthodes. De fait, nous décrivons divers systèmes stochastiques qui ont été
proposés comme briques de calcul. Une attention particulière est portée au domaine de la spintronique,
dont la jonction tunnel magnétique est l’élément phare, et qui est prometteur pour des applications de
calcul conventionnelles ainsi que non-conventionnelles (dont le calcul bio-inspiré). Les divers dispositifs
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spintroniques ainsi que les phénomènes physiques mis en jeu sont décrits en détail. Tout spécialement,
nous présentons les approches qui ont été prises pour tirer parti du caractère stochastique des dispositifs
spintroniques. La jonction tunnel superparamagnétique est identifiée comme une brique de base promet-
teuse : bien que stochastique, son comportement est bien compris et modèlisé. De plus, elle bénéficie des
avantages traditionels de la spintronique (endurance, fiabilité, compatibilité avec le CMOS...).

Le Chapitre 2 a pour objet la physique de la jonction tunnel superparamagnétique. Il est montré ex-
périementalement comment un champmagnétique,un courant électrique ou encore une tension peuvent
controler son état moyen ainsi que la fréquence de ses oscillations. De plus, nous présentons une étude
originale de l’effet du bruit électrique et démontrons expérimentalement et analytiquement comment il
peut augmenter la fréquence d’une jonction. Nous dévelopons unmodèle thèorique décrivant la jonction
comme un oscillateur de Poisson. La validité de ce modèle est démontrée par comparaison avec des résul-
tats expérimentaux. Ce modèle peut être adpaté au langage VerilogA et utilisé de fait dans le simulateur
Cadence Spectre, qui permet l’étude du comportement de circuits hybrides composés de jonctions tunnel
superparmagnétiques ainsi que de composants électroniques usuels comme les transistors CMOS.

Inspirés par la synchronisation de réseaux neuronaux dans le cerveau, de nombreuses méthodes de calcul,
basées sur la synchronisation d’oscillateurs couplés ont été proposées. Dans le Chapitre 3, nous étudions
la synchronisation d’un oscillateur stochastique, la jonction tunnel superparamagnétique. Nous démon-
trons expérimentalement pour la première fois, à la fois comment tirer parti de l’énergie thermique pour
induire la synchronisation d’une jonction tunnel superparamagnétique avec un faible signal externe et
comment controler la synchronisation grace au bruit électrique. Le modèle présenté dans le Chapitre 2
reproduit correctement les résultats expérimentaux de synchronisation induite par le bruit, avec ou sans
bruit électrique. Grace à ce modèle, nous étudions comment controler la synchronisation en variant la
température et étendons notre étude de signaux d’excitation créneaux périodiques à des signaux créneaux
stochastiques et des signaux sinusoïdaux.
De plus,nous proposons unmodèle analytique original qui donne accès à la gammede bruit où la synchro-
nisation est réalisée, permet une compréhension qualitative du phénomène et est facilement adaptable à
divers types de bruits et signaux d’excitation.
À la fois expérimentalement et théoriquement, nous étudions l’influence de l’amplitude et de la fréquence
du signal d’excitation et identifions plusieurs avantages clef de la synchronisation induite par le bruit par
rapport à la synchronisation déterministe. Le bruit permet de synchroniser une oscillateur stochastique et
un signal d’excitation dont la fréquence est plusieurs ordres de grandeur au dessu de sa fréquence naturelle,
sur de larges gammes de niveau de bruit, fréquence d’excitation et amplitude d’excitation, et ce à bas coût
énergétique. La synchronisation indutie par le bruit est robuste à la variabilité du dispositif et du système.
Néanmoins, la synchronisation induite par le bruit est stochastique et ne peut donc pas être parfaite. De
plus, la synchronisation peut nécéssiter un controle du niveau de bruit, ce qui peut générer des surcoûts
en circuits. Ces éléments devront être pris en considération pour la conception d’architectures utilisant la
synchronisation induite par le bruit. Grâce à notremodèle analytique, nous étudions la quantité d’énergie
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requise pour synchroniser des jonctions de petite taille. Le bruit thermique disponible à température am-
biante est suffisant pour induire la synchronisation avec peu d’apport énergétique externe. De plus, nous
montrons qu’utiliser le bruit électrique est encore plus efficace énergétiquement. Pour chaque fréquence
d’excitation, il y a un diamètre de jonction optimal permettant une consommation énergétique minimale.
Finalement, nous comparons nos résultats à l’énergie requise pour synchroniser des oscillateurs à transfert
de spin traditionnels et des neurones CMOS et observons un gain d’un facteur cent.

Les résultats du Chapitre 3 sont utile pour le calcul si la synchronisation de réseaux d’oscillateurs couplés
peut être réalisée. En conséquence, dans le Chapitre 4, nous menons une étude théorique de la synchroni-
sation induite par le bruit de deux jonctions tunnel superparamagnétiques couplées.
Tout d’abord, nous démontrons que deux jonctions tunnel superparamagnétiques couplées éléctrique-
ment peuvent être synchronisées à un signal extérieur. Quand la synchronisation est induite par le bruit
thermique nous avons observé deux régimes. D’une part, à basse température, les jonctions sont forte-
ment couplées et se bloquent mutuellement, menant de fait à un plateau en fréquence à la moitié de la
fréquence d’excitation. D’autre part, à haute température, les jonctions sont faiblement couplées et sont
chancune synchronisées avec l’excitation. Contrairement au bruit thermique, le bruit électrique ne peut
qu’induire la synchronisation à l’excitation. Ces résultats mettent en avant une importance différence
entre les synchronisations induites par le bruit thermique et le bruit électrique. De plus, nous montrons
que deux jonctions tunnel superparamagnétiques de fréquences naturelles différentes peuvent être simul-
tanément synchronisées avec une excitation.
En suite, nous proposons un circuit simple permettant la synchronisation d’une jonction tunnel super-
paramagnétique avec une autre, en l’absence d’excitation externe. Néanmoins, la faisabilité de ce système
requiert une conception minutieuse des dispositifs et leurs paramètres.
Finalement, nous étudions comment synchroniser mutuellement deux jonctions tunnel superparamag-
nétiques. Supposant un controle sur le couplage entre les oscillateurs, nous avons proposé un système à
trois oscillateurs, où l’un agit comme mémoire entre les deux oscillateurs synchronisés mutuellement.
Ces résultats mettent en avant la richesse de la physique des oscillateurs stochastiques couplés. La synchro-
nisation induite par le bruit d’oscillateurs bistables stochastiques est très différente de la synchronisation
déterministe d’oscillateurs harmoniques. En particulier, certains phénomènes comme la synchronisation
mutuelle sont réalisés moins naturellement.

Dans le Chapitre 5, nous étudions une autre méthode bio-inspirée pour calculer avec des jonctions tunnel
superparamagnétiques et montrons que ces dernières peuvent émuler des neurons sensoriels. En nous
inspirant d’études de neurosciences, nous montrons que des populations de jonctions tunnel superpara-
magnétiques peuvent représenter des distributions de probabilités. Nous proposons uneméthode simple
pour décoder d’information codée par une population de jonctions. Plusieursmises en oeuvresmatérielles
réalistes sont possible. De plus, la fusion sensorielle d’information codée par deux populations identiques
peut être réalisée facilement.
Nous montrons que des populations connectées entre elles peuvent former un réseau neuronal, capa-
ble d’apprendre et calculer. En particulier, ce système peut réaliser du contrôle moteur, des transforma-
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tions de coordonnées et de la fusion sensorielle de populations non-identiques. Nous montrons que
l’apprentissage peut être réalisé à l’aide d’une règle simple, moins complexe à mettre en oeuvre que celles
proposées dans la littérature. Ce système est la première démonstration de populations de nanodispositifs
stochastiques pour le calcul.
Une application clef pour ce système est identifiée : le traitement sensoriel intelligent. Grâce à sa com-
pacité, il pourrait en effet être embarqué sur un senseur et permettre du traitement sensoriel à bas coût
énergétique.
Nous étudions l’effet de la variabilité entre les dispositif, due au processus lithographique, sur le système
et montrons qu’une petite variabilité peut améliorer les performances de notre système. Globablement,
notre système présente une forte résistance à la variabilité. De plus, nous montrons sa forte résistance
aux augmentations de température. Finalement, nous étudions la faisabilité de notre système. Les faibles
contraintes, aussi bien sur le nombre de dispositifs (moins de cent mille) que sur leurs paramètres (de
fortes barrières d’énergie ne sont pas nécessaires) ouvrent la voie à une mise en oeuvre matérielle de ce
capteur intelligent.

Perspectives

Nous avons étudié deux phénomènes : la synchronisation induite par le bruit pour le calcul basé sur la
synchronisation et le codage de population pour le traitement sensoriel intelligent. Ces résultats ouvrent
la voie au calcul bio-inspiré avec des jonctions tunnel stochastiques. Pour accomplir le potentiel de ces
dispositifs, le travail en cours doit être continué.
Concernant le calcul basé sur la synchronisation, le bruit thermique est suffisant pour induire la synchroni-
sation mais utiliser le bruit électrique permettrait une efficacité énergétique encore meilleure. Dans ce cas,
il est nécessaire de controler le niveau de bruit dans le système. Une solution possible est de tirer parti du
bruit électrique naturellement présent dans les cicuits, en ré-injectant le bruit généré par des assemblées de
dispositifs stochastiques par exemple. Deux ou trois niveaux discrets de bruit seraient suffisants pour dis-
criminer les états synchronisés et non-synchronisés. De plus, les méthodes de calcul existantes doivent être
réinventées pour des oscillateurs stochastiques bistables. Finalement, il faut parvenir à mettre en oeuvre
les couplages nécessaires entre les jonctions tunnel superparamagnétiques. Les leviers disponibles pour
controler les jonctions et émuler un couplage sont : à travers le couple de transfert de spin par application
directe d’une tension ou d’un courant, à travers le couple de spin-orbite en plaçant une couche de métal
lourd sous les dispositifs, à travers un champmagnétique en plaçant une antenne au dessus des disposi-
tifs. De plus, le couplage dipolaire peut être directement mis en oeuvre en plaçant les dispositifs à faible
distances les uns des autres. Il est également nécessaire d’étudier comment détecter la synchronisation.
Plusieurs systèmes de détection prometteurs ont déjà été proposés par Vodenicarevic et al. Ils ont été
conçus pour des oscillateurs harmoniques mais pourraient être adaptés à des oscillateurs bistables.
Concernant l’utilisation de jonctions tunnel superparamagnétiques comme neurones sensories, il faut
parvenir à des tâches de calcul plu complexes sans pour autant sacrifier la simplicité et la compacité du
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système. Par exemple, des méthodes mettant en oeuvre l’apprentissage non supervisé avec des neurones à
impulsions pourraient être adaptées.

D’autres applications des jonctions superparamagnétiques pour le calcul non-conventionnel sont étudiées
en ce moment. En particulier, les résultats de cette thèse sont utilisées au sein du projet européen FP7
FETOPEN BAMBI. Dans ce projet, des jonctions tunnel superparamagnétiques sont utilisées comme
générateurs de vrais nombres aléatoires. Les variations de résistance d’une jonction tunnel superparam-
agnétique sont transformées en signal binaire par une opération de seuillage. Puis, en échantillonant ce
signal, un bitstream aléatoire est obtenu. L’échantillonage doit être effectué à une fréquence appropriée
pour éviter l’auto-corrélation : l’intervalle de temps entre les échantillons doit être de l’ordre de quelques
périodes moyennes. Néanmoins, à cause du champ rémanant des jonctions, la probabilité naturelle du
bitstream est différent de 0.5. Or une probabilité de 0.5 est nécessaire pour de nombreuses applications.
En conséquence, le bitstream doit être blanchi (transformé en un bitstream de probabilité 0.5). Cela peut
être réalisé en effectuant des opérations XOR sur différent bitstreams. Vodenicarevic et al. ont montré
que le bitstreams obtenus après blanchiment par huit opérations XOR sont de qualité suffisante pour
être utilisé dans des applications de cryptographie ou de calcul stochastique. En particulier, un but est
d’utiliser des jonctions tunnel superparamagnétiques dnas des systèmes réalisant de l’inférence bayési-
enne. Dans ces systèmes, les probabilités en jeu sont représentées par des bitstreams aléatoires. Utiliser
des jonctions tunnel superparamagnétiques permettrait de générer ces bitstreams de manière compact et
peu consommatrice de puissance.

Les jonctions tunnel superparamagnétiques commencent à attirer de plus en plus d’attention. Récem-
ment, le groupe de Supriyo Datta à l’université de Purdue a proposé d’utiliser les jonctions tunnel su-
perparamagnétiques pour la logique non-booléenne. L’idée est de construire un système qui réalise
l’hamiltonien d’un problème d’optimisation. Ici, ils suggèrent d’utiliser le couple de spin-orbite pour
emuler les couplages nécessaires entre les jonctions. Parce qu’elles oscillent aléatoirement, les jonctions
explorent toutes les solutions et se détendent dans celle qui est la plus favorable énergétiquement. Les
auteurs réalisent des simulations numériques montrant que ce système peut résoudre le problème du
commis voyageur, qui est NP hard.

Dans toutes les applications, la manière de lire l’état des dispositifs devra être considérée avec grande at-
tention, d’autant plus que le ratio OFF/ON des jonctions tunnel superparamangétiques est bas. Lire et
controller l’état de chaque dispositif tout en maintenant un bas coût énérgétique pourra être difficile.
Globalement, un défi sera de limiter les surcoûts de calcul CMOS et leur consommation énergétique
pour que ces derniers ne réduisent pas à néant les avantages d’utiliser des nanodispositifs. Une approche
modulaire sera requise pour aller de petits circuits "briques" vers de grands systèmes. Finalement, la con-
ception et l’optimisation spécifique de jonctions tunnel superparamagnétiques pourra améliorer la lecture.
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Nous avonsmontré que les jonctions tunnel superparamgnétiques sontdes briques de base pour lamise en
oeuvre à bas coût énergétiques de nouvelles formes de calcul, inspirées de la biologie. Dans cette thèse nous
avons proposé deux concepts principauxmais bien d’autres sont possible donc nous nous attendons à voir
des développements excitants dans le domaine du calcul avec des jonctions tunnel superparamagnétiques.
De plus, nous espérons que notre travaille inspirera également de la recherche sur le calcul avec d’autres
types de nanodispositifs stochastiques.
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Titre : Jonctions tunnel magnétiques stochastiques pour le calcul bio-inspiré

Mots clefs : Électronique neuro-inspirée, calcul bio-inspiré, spintronique, neurones artificiels, jonctions tunnel magnétiques, systèmes
stochastiques.

Résumé : Avec l’avènement de la nanoélectronique, de nom-
breuses nouvelles technologies ont émergé, portant la promesse de
remplacer ou compléter la brique de base traditionnelle du calcul –
le transistor CMOS. Cependant, à l’échelle nanométrique, le bruit
affecte significativement le comportement des systèmes, causant
des fluctuations aléatoires. Il est donc naturel de rechercher des
méthodes de calcul qui sont intrinsèquement tolérantes au bruit,
à la variabilité et aux erreurs, ou encore mieux, qui tirent parti de
ces derniers. Parmi les solutions envisageables, un paradigme est
particulièrement prometteur et disruptif : s’inspirer de la biologie.
En effet notre cerveau est capable de calculer – tout en ne consom-
mant que 20 W – bien que ses composants eux-mêmes présentent
un comportement stochastique. Le calcul bio-inspiré avec des
nanodispositifs stochastiques devrait être particulièrement effi-
cace pour des tâches cognitives telles que la reconnaissance de
motif et la classification. Combiner des composants électroniques
traditionnels avec des technologies émergentes pourrait permettre
d’effectuer ces tâches à bas coût énergétique.

L’objet de cette thèse est un nanodispositif, la jonction tunnel
magnétique. Grace à son endurance, sa fiabilité et sa compat-
ibilité avec le CMOS, ce système bistable s’est imposé comme
le composant phare de la spintronique. Cependant, garantir la
stabilité de ce dispositif tout en réduisant sa taille est un défi.
Les jonctions tunnel magnétiques instables – appelées jonctions
tunnel superparamagnétiques – se comportent comme des oscilla-

teurs stochastiques. Dans cette thèse, j’examine pour la première
fois comment tirer parti du comportement aléatoire des jonctions
tunnel magnétiques stochastiques, en s’inspirant de la biologie.

Tout d’abord, il est démontré expérimentalement que le bruit
électrique peut induire la synchronisation d’une jonction avec un
faible source de tension. Un modelé théorique est développé et
prédit qu’utiliser le bruit pourrait permettre un gain énergétique
d’un facteur cent par rapport à la synchronisation d’oscillateurs
à transfert de spin traditionnels. Ce résultat ouvre la voie à la
mise en oeuvre matérielle de méthodes de calcul basées sur la
synchronisation, effectuant des tâches telles que la reconnaissance
de motifs.
Ensuite, une analogie est établie entre les jonctions tunnel su-
perparamagnétiques et les neurones sensoriels. En poussant cette
analogie, il est démontré numériquement que des populations de
jonctions connectées entre elles peuvent effectuer des calculs tels
que l’apprentissage, la transformation de coordonnées et la fusion
sensorielle. La mise en oeuvre matérielle d’un tel système est
réaliste et pourrait permettre du traitement sensoriel intelligent
à bas coût énergétique.

L’ensemble de ces résultats suggérent que la jonction tunnel su-
perparamagnétique est une brique de base prometteuse pour la
mise en oeuvre matérielle du calcul bio-inspiré.

Title: Stochastic magnetic tunnel junctions for bio-inspired computing

Keywords: neuro-inspired electronics, bio-inspired computing, spintronics, artificial neurons, magnetic tunnel junctions, stochastic
systems.

Abstract: With the rise of nanoelectronics, many novel technolo-
gies have emerged, holding the promise to replace or complement
the traditional computing building block – the CMOS transistor.
However, at the nanoscale, noise significantly affects the behavior
of systems, inducing random fluctuations. It is thus natural to
look for computing techniques which are intrinsically tolerant to
noise, variability and errors, or even better, which take advantage
of these. Among the possible solutions, one paradigm has emerged
as particularly promising and disruptive: taking inspiration from
biology. Indeed, our brain is able to perform computations –
while consuming only 20 W – even though its components them-
selves exhibit stochastic behavior. Bio-inspired computing with
stochastic nanodevices should prove to be particularly successful
for cognitive tasks such as pattern recognition and classifica-
tion. Mixing conventional electronic components with emerging
technologies could allow performing such tasks at low energy cost.

The focus of this thesis is a specific nanodevice, the magnetic
tunnel junction. Because of its endurance, reliability and CMOS
compatibility, this bistable system has emerged as the flagship
device of spintronics. However, maintaining the stability of this
device while reducing its size is a challenge. Unstable magnetic
tunnel junctions – called superparamagnetic tunnel junctions –
behave as stochastic oscillators. In this thesis, I investigated for

the first time how to harness the random behavior of stochastic
magnetic tunnel junctions, taking inspiration from biology.

First, it is experimentally demonstrated that electrical noise can
induce the synchronization of a junction to a weak voltage source.
A theoretical model is developed and predicts that using noise
could allow a hundred-fold energy gain over the synchroniza-
tion of traditional dc-driven spin torque oscillators. This result
opens the way to the low power hardware implementation of
synchronization-based computing schemes which can perform
tasks such as pattern recognition.
Then, an analogy between superparamagnetic tunnel junctions
and sensory neurons – which fire voltage pulses with random
time intervals – is drawn. Pushing this analogy, it is numeri-
cally demonstrated that interconnected populations of junctions
can perform computing tasks such as learning, coordinate trans-
formations and sensory fusion. Such a system is realistically
implementable and could allow for intelligent sensory processing
at low energy cost.

All these results suggest that the superparamagnetic tunnel junc-
tion is a promising building block for hardware implementations
of bio-inspired computing.

Université Paris-Saclay
Espace Technologique / Immeuble Discovery
Route de l’Orme aux Merisiers RD 128, 91190 Saint-Aubin, France

1


	Introduction
	Computing with noise and stochastic components
	Harnessing randomness
	Reliability vs. energy trade-off
	Using noise
	Computing with probabilities: stochastic computing

	Proposals of stochastic building blocks
	Quantum Dots Cellular Automata
	Molecular approaches
	Memristors
	Spintronics


	The superparamagnetic tunnel junction
	Experimental methods
	Devices used in the experiments
	Measurements and data analysis

	Presentation of the superparamagnetic tunnel junction 
	Stochastic behavior of the magnetic tunnel junction
	A stochastic bistable oscillator
	Handles to control the superparamagnetic tunnel junction
	Effect of electrical noise

	Numerical model and simulations
	CMOS integration with Cadence
	Scaling and perspectives
	Noise-induced synchronization
	Synchronization of a stochastic bistable oscillator to an external drive
	Harnessing the available thermal energy at room temperature
	Various synchronization regimes
	Criteria to quantify synchronization
	Controlling synchronization with the temperature
	Modeling noise-induced synchronization
	Extension to other drive waveforms

	Controlling synchronization with electrical noise
	A qualitative understanding of electrical noise-induced synchronization
	Synchronization induced by electrical noise
	Theoretical study
	Conclusion

	Energetic cost of synchronization

	Synchronization of coupled stochastic oscillators
	Synchronization to an external drive
	Thermal noise induced synchronization
	Electrical noise induced synchronization
	Effects of the tunnel magnetoresistance and the drive frequency
	Synchronization of two junctions of different sizes
	Conclusion

	Master-slave synchronization
	Mutual synchronization of stochastic oscillators

	Superparamagnetic tunnel junctions as sensing neurons
	The superparamagnetic tunnel junction as a Poisson neuron
	Tuning curve of the superparamagnetic tunnel junction
	Implementing a population of neurons

	Coding and decoding - Bayesian interpretation
	Bayesian interpretation
	Alternative decoding schemes
	Validity of the model for superparamagnetic tunnel junctions as neurons

	Sensory fusion
	Theoretical framework
	Conflicting cues

	Bio-inspired intelligent sensory processing
	Learning a robotic task
	Learning coordinates transformations
	Complex sensory fusion with learning as a network adapter
	Implementation of the intelligent sensor
	Energy/power consumption



	Conclusions and future work
	List of publications
	Influence of the electrical noise
	Approximate expression of the junction frequency
	Definition of the sub-optimal and supra-optimal noise regimes
	Supra-optimal regime
	Sub-optimal regime
	Global expression of the frequency of the junction
	Validity of the approximation
	Proofs relative to population coding
	Preliminary results
	Sum of the average activities
	Sum of the average activities times the preferred stimuli
	Sum of the average activities times the squared preferred stimuli

	Probability of a stimulus given the observed activity
	Expression of the logarithm of the posterior
	Approximation of the posterior as a Gaussian function
	Application to the sum method
	Sensory fusion
	Synthèse en Français
	Bibliography











